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Students often solve mathematics problems by executing known procedures to generate 

answers. As long as problems are familiar to those done in the classroom, then doing 

mathematics continues to be a matter of applying familiar formulas and procedures. 

However, difficulties often arise when students are challenged to justify their solutions 

or solve novel problems. This paper proposes vee diagrams as a means of facilitating 

students’ critical thinking and reasoning to systematically analyse the mathematical 

content of problems as a means of identifying relevant principles and concepts that can 

inform the identification of plausible solutions. Constructing a vee diagram requires 

solvers, not only to show how they solved the problem (methods), but in addition, they 

make explicit why their methods worked (relevant theoretical principles). Doing so 

routinely encourages the view of mathematical problems as the application context and 

site for the critical synthesis of the conceptual structure of mathematics and its methods 

and procedures. The paper presents examples of vee diagrams constructed by 

mathematics teachers, student-teachers and school students from a number of studies 

conducted to investigate how mathematics learning could be made more meaningful for 

students. Implications for teaching school mathematics and teacher education are 

provided. 

Introduction 

Learning mathematics more meaningfully and with deep understanding is more 

than simply executing procedures. It involves, in addition, understanding why 

particular methods over others are more appropriate for a given problem. To cultivate 

the skill of critically analysing mathematics topics (domain) and/or given problems 

for clues as to how problems could be solved, the author undertook a number of 

studies with mathematics students at secondary and university levels to investigate 

ways in which the meta-cognitive tools of concept maps and vee diagrams could be 

used innovatively in three related ways. First, using the tools to guide students’ 

systematic analysis of the relevant domain or problem statement and critical 

identification of multiple methods of solution; second, as tools to visually illustrate 

and communicate students’ understanding and knowledge of a domain/ 

problem/activity; and third as pedagogical tools to plan and develop teaching and 

learning activities. As Thompson & Saldandha (2003) argue, “the way students 

understand an idea can have strong implications for how, or whether, they understand 

other ideas” (p. 95). This is particularly vital for thinking about what students actually 

learn or actually understand given a learning activity juxtaposed to the meanings the 

teacher intended for students to learn by actively participating in the educative event.   

According to Ausubel-Novak’s theory of meaningful learning, students’ 

understanding is developed through the construction of their own patterns of 

meanings and through participation in social interactions and critiques. When new 

knowledge is meaningfully learnt, the student decides which established ideas in 

his/her cognitive structure of meanings are most relevant to it. If there are 

discrepancies and conflicts, the student reorganizes and reconstructs existing patterns 
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of meanings, reformulates propositions, or forms new patterns to allow for the 

effective assimilation of new meaning. For example, if the student could not reconcile 

the apparent contradictory ideas, then a degree of synthesis (integrative reconciliation) 

or reorganization of existing knowledge under more inclusive and broadly 

explanatory principles would be attempted (progressive differentiation). In contrast, 

rote learning is learning where students tend to accumulate isolated propositions 

rather than developing integrated, interconnected hierarchical frameworks of concepts 

(Ausubel, 2000; Novak & Cañas, 2006).  

 

Concept Maps & Vee Diagrams  

Through the construction of concept maps and vee diagrams (cmaps/vdiagrams), 

students illustrate publicly their interpretation and understanding of a domain or 

problem in terms of key concepts, principles and methods. Whereas a cmap is a 

hierarchical network of interconnecting concepts with linking words describing the 

nature of interrelationships between nodes (Novak & Cañas, 2006), a vdiagram is an 

epistemological tool that guides the analyses and illustrates the interplay between the 

conceptual (or thinking) elements (Philosophy, Theories, Principles and Concepts) 

and the methodological (or doing) elements (Records, Transformations, Knowledge 

Claims and Value Claims) in the context of an educative event (Event/Object) to 

answer some Focus Questions. Shown in Figure 1 is Gowin’s epistemological vee 

while Figure 2 shows an adaptation of Gowin’s vee (Fuata’i, 1985; Afamasaga-

Fuata’i, 1998) used to examine secondary mathematics students’ mathematical 

understanding.  

 

Figure 1. Gowin’s epistemological vee (Gowin, 1981). 

Displaying the guiding questions for each vee element, the modified version (Figure 

2) was again used by university mathematics students (Afamasaga-Fuata’i, 2006, 
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2004) to systematically analyse mathematics problems. This application was later 

extended to investigate student-teachers’ understanding of the content of school 

mathematics, using the revised vdiagram in Figure 3. An even more recent adaptation 

was necessary to make it more intuitive for primary and secondary students, 

subsequently replacing the element titles with key guiding questions (see Figure 4). 

 

 

Figure 2. Mathematics problem solving vee diagram used initially by secondary students (Fuata’i, 

1985) and later by university mathematics students (Afamasaga-Fuata’i, 2006, 2004). 

 
Figure 3. Generic mathematics problem solving vee diagram used by student-teachers. 

The main difference between Figures 2 and 3 is the extension to include 

Philosophy and Value Claims (compare with Gowin’s vee) to record student-teachers’ 

philosophical views of mathematics teaching and learning and their critical reflections 

of solving mathematics problems and/or their plans for subsequent learning.  

Previous Concept Map & Vee Diagram Studies  

Studies have been conducted in the use of cmapls/vdiagrams as meta-cognitive 

assessment tools of students’ conceptual understanding over time in the sciences 

(Novak & Cañas, 2006; Brown, 2000; Mintzes, Wandersee & Novak, 2000; 

Afamasaga-Fuata’i, 1999), and mathematics (Afamasaga-Fuata’i, 2007, 2006, 2004; 

Schmittau & Vagliardo, 2006; Liyanage & Thomas, 2002); as organizational tools for 
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interview data (Novak & Gowin, 1984); as good communication tools (Freeman & 

Jessup, 2004) and analytical tools to unpack students’/participants’ perceptions 

(Pittman, 2002; Swarthout, 2001) and epistemological beliefs (Chang, 1994) before 

and after educative interventions such as workshops or programs. 

 

Figure 4.  Latest adaptation for use in primary and secondary mathematics classrooms (Afamasaga-

Fuata’i, 2007). 

Previous research in secondary mathematics (Fuata’i, 1985; Afamasaga-Fuata’i, 

1998) and university mathematics (Afamasaga-Fuata’i, 2006, 2004) showed that 

constructing cmaps/vdiagrams was difficult initially but students’ proficiency 

improved over time and their conceptual understanding of mapped topics and 

analysed problems was further enhanced. Also constructing cmaps/vdiagrams 

provided a unique opportunity for the meta-cognitive development of students’ 

thinking and reasoning particularly as it required individuals to actively construct 

mathematical thought and think reflectively in order to publicly present and 

communicate their knowledge and understanding of a domain within a social setting.  

Workshops with science and mathematics teachers found that cmaps/vdiagrams have 

potential as teaching, learning and assessment tools (Afamasaga-Fuata’i & McPhan, 

2007; Afamasaga-Fuata’i, 1999).  

An overview of concept mapping and vee diagram (mapping) studies conducted 

with university students is presented next with illustrative examples of different 

applications of vdiagrams as problem solving, communication and planning tools.  

 

An Overview of Concept Map & Vee Diagram Studies 

The mapping studies investigated the impact of using cmaps/vdiagrams and critiques 

in social settings on students’ mathematical understanding, their fluency and 

efficiency in communicating mathematically, and ability to solve mathematics 

problems.  For example, students were required to undertake conceptual analyses of a 

topic to identify relevant major concepts, principles, theorems, and formulas in 

addition to being proficient in executing procedures. The theoretical results were then 
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mapped onto a cmap to illustrate the interconnections between major concepts, 

principles and relevant formulas. With mathematics problems, students inferred the 

theoretical underpinnings of a problem in terms of relevant principles, concepts and 

general formulas, which might guide the development of a solution. Mapping the 

results onto the vdiagram’s conceptual side illustrated and reinforced the relevant 

principles underlying the solution displayed on the methodological side, to emphasize 

the interplay between theoretical bases and procedures. Thus students used vdiagrams 

as structures to display the relevant conceptual and methodological information of a 

problem whilst cmaps depicted networks of hierarchical interconnections between 

concepts within a domain. Only the vdiagram data is presented and discussed in this 

paper. An example of an assessment rubric is presented next to indicate how a 

vdiagram may be analysed.   

 

Vee Diagram Analysis 

For the purposes of this paper, vdiagrams may be assessed using a set of criteria 

which considers how well the problem solver had analysed the given problem 

statement or activity description in order to identify the given information, focus 

question and main concepts. In addition, the assessment determines the 

appropriateness of listed principles to justify the method of solution and whether the 

knowledge claim is consistent with the solution and an appropriate answer to the 

focus question. What the problem solver lists as mathematical beliefs and critical 

reflections should be consistent with the rest of the displayed information.  

For example, a check is made to determine whether the given problem statement 

has been analysed appropriately to identify entries for the vee elements Event/Object, 

Focus Questions, Concepts and Records. Next, is a check to determine whether the 

method of solution is mathematically correct and displayed under Transformations 

and that the relevant Principles underpinning the method are listed. That is, do the 

listed principles justify the main steps of the solution? Alternatively, are the main 

steps of the solution suitably justified by the listed principles? If not, then the 

presence or absence of relevant principles and/or main concepts would indicate the 

extent of the solver’s perception of what counts as important for the justification of 

procedures that are applied in problem solving. Alternatively, it would indicate the 

extent of the solver’s ability to communicate mathematically. This assessment would 

be useful depending on the context and purpose of the educative event. For example, 

the vdiagram may have been constructed to (formatively or summatively) assess 

school student’s critical synthesis of conceptual knowledge and understanding with 

methods used or to diagnose student-teachers’ existing knowledge and understanding 

of the mathematics they are expected to teach future students, by making explicit the 

conceptual underpinnings of procedures and methods. From the teachers’ perspective, 

entries in the vdiagram make transparent for public scrutiny, what they consider 

important for students to know, learn and understand by solving the problem or 

conducting the activity. 

Each criterion in the assessment rubric (Figure 5) corresponds to a vee element and 

may be rated from 1 (poor) to 5 (excellent). While the first column presents the titles 

for vee elements of types shown in Figures 2 and 3, the last column includes the 

corresponding guiding question as titles if the Figure 4 version is used.  

Vee Diagram Data and Discussion 

In this section, illustrative vdiagrams are organised around the type of problem 

solvers, namely, secondary mathematics teachers, primary teachers, secondary 
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student-teachers, primary student-teachers, secondary school students, and primary 

school students. Teachers’ vdiagrams were constructed during professional 

development workshops, student-teachers’ as part of their mathematics education 

units, and school students during classroom trials of vdiagrams.  Some vdiagrams 

were collaboratively constructed in small groups and others individually. Each 

vdiagram is described using the rubric’s framework in terms of the cohesiveness of 

the displayed information in relation to a problem/activity. 

 

 

Figure 5. An assessment rubric for a problem solving or activity vee diagram. 

Secondary Mathematics Teachers’ Vee Diagrams  

Presented here are examples of vdiagrams constructed by secondary mathematics 

teachers in workshops on learning how to apply cmaps and vdiagrams in 

mathematics. While entries for Theories, Principles, Concepts, Event/Object, Focus 

Question, and Records can be identified and inferred directly from the given problem 

statement or activity description, the challenge for the former is to identify and 

develop a method of solution, and then using what they know, to mathematically 

justify, using principles, the main steps of the chosen method (under 

Transformations). Under Knowledge Claim should be the answer to the Focus 

Question.  

Shown in Figure 6 is a collaboratively constructed vdiagram by a small group of 

teachers, which was presented during the workshop. The vdiagram illustrates the 

group’s analysis of the given problem statement (under Event/Object) and their 

subsequent findings for Records, Focus Question and main Concepts. Using their 
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expert knowledge, they listed the Theories relevant to the problem with their main 

method of solution as the elimination method under Transformations, and including 5 

listed Principles as justifications. Overall, the listed principles provide a suitable 

conceptual framework to justify the displayed method. 

 
Figure 6. A collaboratively constructed Linear Equation vee diagram.  

A recommendation and a further challenge to the group, however, was for them 

to consider alternative methods, and to include relevant principles if different from the 

ones already listed, to not only reinforce connections between mathematical principles 

and procedures but to encourage students to consciously look for multiple methods. 

Figure 7 displays an individually constructed vdiagram by a secondary 

mathematics teacher who attended the same workshop. From the given problem 

statement under Event/Object and his subsequent analysis of it, the appropriate 

information for Records and Concepts are as shown. Using his expert knowledge, he 

crafted a Focus Question to reflect the intent of the problem and the main question to 

be answered and further inferred the relevant Theories, Principles and developed a 

method of solution (under Transformations). The Knowledge Claim is a full statement 

that directly answers the focus question while the solution’s main steps are justified 

by explicitly referencing the appropriate principle by number.  

Overall, Figure 7 displays a well-justified method of solution from the teacher’s 

perspective and could form the basis of an expert vdiagram for assessing school 

students’ interpretation and analysis of the same problem as well as their 

understanding of the mathematics underpinning the procedures used. 

Primary Teachers’ Vee Diagrams  

Presented here are two vdiagrams, the first one individually constructed by a primary 

teacher as part of a required assignment in a graduate mathematics education unit, and 

the second one collaboratively constructed by a group of primary teachers in a 

teachers’ workshop.  

Figure 8 illustrates an example of a vdiagram that was used both as a planning tool 

and a problem solving tool whereby the teacher made explicit connections similar to 
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those discussed for Figures 6 and 7, and in addition, those between the problem and 

relevant syllabus outcomes of the primary mathematics curriculum. Also included are 

the vee elements Philosophy and Value Claims, the former to encourage consideration 

of his mathematical beliefs, and the latter, his critical reflections of the application of 

the mathematics learnt by solving the problem. The addition of the element Outcomes 

and elaborated titles Prior Knowledge (Principles), Language (Concepts), Activity 

(Event), Data (Records), Interpretations (Transformations) are to enhance the close 

correspondence between the vee elements and those aspects requiring pedagogical 

consideration when planning teaching and learning activities. 

 

 
Figure 7. A secondary mathematics teacher’s Linear Function vee diagram. 

 

Figure 8. A primary teacher’s Volume vee diagram.  

CONCEPTUAL SIDE METHODLOGICAL SIDE 
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Displayed are the teacher’s analysis results for Data (Records), Language 

(Concepts) and Focus Question and his inferences for Outcomes based on the NSW K-

6 Mathematics Syllabus (NSW BOS, 2002) while entries for Theory displays the sub-

strand “Surface area & volume”. Listed Prior Knowledge (Principles) are those, 

which, in his view, underpin the displayed method under Interpretations 

(Transformations). The teacher carefully included the key relationships between 

radius and diameter, and between cm
3
 and litre and including relevant facts (P4 and 

P5). A supporting diagram of a cylinder is included along with the formula for 

volume. Explicit referencing of principles by number to justify main steps are also 

evident as part of his solution. Displayed under Philosophy and Value Claims are the 

teacher’s perceptions of the relevance and value of volume in real life and subsequent 

learning. 

Overall, it appears that the teacher expects to use the completed vdiagram at upper 

primary level given the predominance of formulas as principles. A missing key 

concept is capacity, which the focus question is basically about. Alternatively, a 

second focus question may be included to prompt students to provide the 

mathematical term for the “amount a container can hold” and/or create a discussion 

about the difference between volume and capacity as an extension of the problem or 

plan it as subsequent learning. While the displayed version of the vdiagram is 

simultaneously used by the teacher as a planning and problem solving tool for 

pedagogical purposes, for school students, he could provide the same problem but that 

students use the more student friendly version in Figure 4.  

Shown in Figure 9 is a vdiagram collaboratively constructed by a group of primary 

teachers in a workshop, which focussed on the potential use of vdiagrams as a 

pedagogical planning tool.  

 
Figure 9. A collaboratively constructed primary teachers’ Sliding/Rolling vee diagram. 

Figure 9 was the group’s first draft presented to the rest of the participants for 

comments. On the left hand side are their entries for the thinking elements 

Philosophy, Outcomes,  Theories (or Content Areas), Principles, and Concepts or 
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Main Ideas as appropriate for Early Stage 1 (NSW BOS, 2002) students in the context 

of the activity of Sliding or Rolling. With a Focus Question as shown, their entries for 

Records (Data) indicate their instructions to students for making records of objects 

that roll and slide.  Listed under Interpretations are their perceptions of the required 

prior understanding and knowledge students should have to successfully conduct the 

activity. Interpretations was a separate vee element suggested by a learning support 

teacher (compare with Figure 1) as being most appropriate for students who have 

learning difficulties, as a mid-way step between given information and 

Transformations. Under the latter are the teachers’ notes of how the planned activity 

would unfold. For example, students test a group of given objects and record their 

findings followed by a discussion of findings. While Knowledge Claims indicate 

potential general patterns students could discover, as a result of testing various objects 

and making connections between rolling/sliding and the object’s shapes, entry for 

Value Claims indicates possible future learning activities.  

Overall, the vdiagram represents a group of teachers’ first attempt at constructing a 

vdiagram that displays their intended meanings and classroom practice for such an 

activity. While the doing side depicts what they expect the students to do, the thinking 

side displays the key ideas they expect the students would learn about and should 

know in order to successfully complete the activity. 

Secondary Student-teachers’ Vee Diagrams  

The two vdiagrams presented in this section were individually constructed by two 

student-teachers as part of their required assignments for a secondary mathematics 

methods unit. The task required that they construct a vdiagram to illustrate methods of 

solving a problem and explicating the mathematical principles and concepts 

underlying the main steps of the method(s). 

Shown in Figure 10 is a student-teacher’s vdiagram of a Mathematics Problem, 

designed for use with a class of low ability students.  

 
Figure 10. A secondary student-teacher’s Area vee diagram.  
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Although the given problem statement requested only the dimensions of the 

rectangle, the student-teacher created extra focus questions (1) to (6), shown under 

What are the questions I should answer?, to incrementally guide students’ thinking 

and reasoning towards the main focus question (7). On My Thinking Side under Why I 

like Mathematics? are the student-teacher’s mathematical beliefs contextualised in the 

given problem and relevant content area. Under What do I know already? is a list of 

general principles and strategy statements, which appear to match the order of the first 

6 focus questions, with a list of main concepts under What are the main ideas? Both 

principles and concepts are appropriate for students in the junior secondary level 

(Years 7-10, NSW BOS, 2002). Information given in the problem statement is listed 

under What is the given information? while under How do I find my answers? are the 

solution’s main steps, labelled (1) to (6), which correspond closely to focus questions 

(1) to (6) and principles (1) to (6). The three methods displayed, indicating multiple 

methods of solving the quadratic equation to obtain the rectangle’s dimensions, are 

justified by principles (6) and (7) thus providing an answer to focus question (7). The 

entry under What have I learnt by solving the problem? indicates the student-teacher’s 

expectation of a potential statement from school students’ reflections. 

Overall, the vdiagram displays the student-teacher’s three methods, suitably 

justified by the listed principles, in response to the listed focus questions, hence 

making explicit both the conceptual and methodological information involved in 

solving the problem. The detailed conceptual analysis and corresponding 

methodological information is intended to scaffold students’ mathematical thinking, 

reasoning and discussion in a low ability class. 

Figure 11 is a vdiagram constructed by a secondary student-teacher to illustrate his 

conceptual analysis and findings for the given problem, listed under Event/Object, 

intended for a junior secondary class, to answer the displayed Focus Question. Shown 

under Philosophy are his beliefs about problem solving in general while under 

Theories are his perceptions of the sub-topics relevant to the given problem.  

The guiding Principles and main Concepts are as listed to justify the iterative 

method of solving for the minimum and maximum values of the function as detailed 

under Transformations. Referencing the appropriate principles by number, the 

student-teacher explicitly links main steps of the solution on the methodological side 

to its relevant theoretical bases on the conceptual side hence enhancing the close 

correspondence between methods and principles. While the iterative solution 

progressively refines the maximising x-value and maximum value to be 6.25 and 

minimum value -36, the entry for Knowledge Claims explicitly answers the focus 

question. The Value Claims on the other hand, are the student-teacher’s expectations 

of student reflections about algebraic equations after solving the problem. 

Overall, the vdiagram displays the secondary student-teacher’s analysis of the 

given problem organised around a solid understanding of parabolas and an application 

of an iterative method, deemed appropriate for a junior secondary class. 

Primary Student-Teachers’ Vee Diagrams 

In this section are two vdiagrams constructed by a primary student-teacher as part 

of a third year mathematics education unit. Her task was to construct vdiagrams of 

problems appropriate for primary students to reflect the application of some of the 

syllabus outcomes (NSW BOS, 2002). 

Shown in Figure 12 is a vdiagram of a Problem requiring the calculation of age to 

answer the focus question under What is the question I need to answer? Under Why I 

like mathematics? is a brief statement of the student-teacher’s mathematical beliefs 
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with a list of guiding principles under What do I know already? and main concepts 

under What are the important ideas? Whereas the given information is listed under 

What is the information given?, two methods of solutions are displayed under How do 

I find my answers?, which are consistent with those recommended in the syllabus 

(NSW BOS, 2002). The answer to the focus question is displayed under What are my 

answers to the question? with the student-teacher’s expectation of student reflections 

under What are the most useful things I learnt?. 

 

Figure 11. A secondary student-teacher’s Maximum/Minimum vee diagram. 

Overall, the vdiagram shows the student-teacher’s conceptual and methodological 

analysis of the given problem utilising two recommended strategies for primary level 

and providing detailed principles from the syllabus, which underpin the two methods. 

Displayed in Figure 13 is another vdiagram by the same student-teacher detailing 

her conceptual and methodological analysis of a Problem on length to answer the 

focus question under What is the question I need to answer? With the given 

information listed under What is the information given?, two methods of solutions are 
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displayed under How do I find my answers? with the answer to the focus question 

listed under What are my answers to the question?.  

 
 

Figure 12. A primary student-teacher’s Number Sense vee diagram  

 

Figure 13. A primary student-teacher’s Length vee diagram.  

Shown on the thinking side are a detailed list of guiding principles under What do I 

know already? to justify the solutions’ main steps with a list of relevant concepts 

under What are the important ideas?. The student-teacher’s beliefs of the value of 

mathematics are stated under Why I like mathematics? with her projection for 

subsequent learning under What are the most useful things I learnt?. 

Overall, the vdiagram displays recommended principles and key ideas that are 

appropriate and recommended for primary level (NSW BOS, 2002). Whilst upper 

primary students may solve the problem quite competently, encouraging them to 
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routinely communicate their mathematical understanding implements the Working 

Mathematically Process Outcomes (NSW BOS, 2002). The vdiagram displays the 

principles that the student-teacher envisages school students would use to justify their 

methods and the intended meanings and understanding students should develop by 

solving the problem. 

Secondary Students’ Vee Diagrams 

This section presents two illustrative vdiagrams by secondary mathematics students 

constructed after learning about vdiagrams. The task was for them to use the vdiagram 

to display their method of solution and justifications for the main steps. 

Figure 14 is a secondary student’s vdiagram of a speed problem, under 

Event/Object, with a Focus Question as displayed. While Theory are as shown, the 

four Principles listed are for finding speed, time or distance and a variable for time 

with a list of main Concepts as illustrated. 

 

Figure 14. A secondary student’s Speed vee diagram.  

Given information is shown under Records with the student’s method displayed 

under Transformations. The Knowledge Claim directly answers the focus question. 

Overall, the vdiagram illustrates the principles the student used in reasoning out a 
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solution. Not explicitly stated as a principle but evidently used as the basis of Line 3 

of the solution is the critical interpretation that the distance travelled by both the bus 

and taxi at the time of overtake is the same. 

Shown in Figure 15 is another student’s vdiagram of a speed problem (under 

Event/Object) using a trigonometric ratio (under Principles) to answer the displayed 

Focus Question identified from the problem statement. The given Records include a 

diagram and information extracted from the given problem statement. Like the 

previous vdiagram, the solution (under Transformations) involves the straight 

application of the listed principle with the Knowledge Claim displaying an answer to 

the focus question. 

 
 

Figure 15. A secondary student’s Speed vee diagram. 

CONCEPTUAL SIDE METHODOLOGICAL SIDE 
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Overall, the vdiagram illustrates a method of solution, which is a straightforward 

application of a particular principle. The diagrams of triangles on both sides of the 

vdiagram reinforce the sameness of the general case and particular case hence making 

it easier for the student to simply apply the appropriate trigonometric ratio to solve the 

problem. 

Primary School Students’ Vee Diagrams 

Presented here are two vdiagrams constructed by two primary students after being 

introduced to vdiagrams. Their task was to complete the entries for each of the vee 

elements for a basic division problem. 

Shown in Figure 16 is one student’s analysis of  “ 9648212 ” with the same as the 

entry for What is the question I need to answer?. Her perception of Why I like 

mathematics? is as displayed with her description of what division is under What do I 

know already?. The student’s perception of the key concepts used in the problem is 

displayed under What are the important ideas?. With the given information as 

“ 1296482 ÷ ” under What is the information given?, her method of solution is under 

How do I find my answers?. While the rest of the vdiagram is left blank, the student’s 

answer is clearly “
6

1
8040 ” 

 

Figure 16. A primary student’s Division vee diagram.  

Overall, the completed vdiagram provides evidence of the student’s analysis of the 

problem and general understanding of the division concept. Whilst this is limited 

information, it does indicate areas worthy of further enrichment to cultivate a more 

conceptual understanding of the concept of division. 

Figure 17 shows another student’s vdiagram from the same class. It also indicates 

more or less the same information as the previous vdiagram with the main difference 

being the decimal form of the remainder. Overall, the two vdiagrams demonstrate a 

common, general understanding of division held by these two students as that of a 

procedure with an awareness of its connection to multiplication, timestable, remainder 

and decimal. 
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Figure 17. Another primary student’s Division vee diagram. 

Summary 

In summary, the 12 illustrative examples of vdiagrams constructed by various types of 

problem solvers demonstrated the three types of related applications of the meta-

cognitive tool of vdiagrams in mathematics, namely, as a problem solving, 

communication and planning tool. The varying depth of detail with entries for the vee 

elements across vdiagrams, reflected the extent of the solver’s proficiency with 

constructing vdiagrams, amount of time available to critically think and reason with 

the educative event, and the purpose for constructing a vdiagram. For example, time 

was constrained in the workshop and classroom trials whereas the student-teachers 

had more time to contemplate and reflect upon their vdiagram tasks. Consequently, 

the student-teachers’ vdiagrams showed a relatively higher level of detail than the 

other vdiagrams. 

Overall, the cognitive demands on the solvers to complete all entries necessarily 

required them to engage in a critical thinking and reasoning process (and professional 

collaborations and negotiations in small groups for teachers in workshops) to ensure 

that the displayed information was relevant to, and consistent with, the given context 

and rest of the vee entries. That the vdiagrams would be presented to their peers (e.g., 

workshop) and/or assessed (e.g., mathematics education units and classroom trials) 

prompted the solvers to enhance the internal consistency of the displayed conceptual 

and methodological information given the problem/activity. 

Implications 

This paper presented a sample of vdiagrams from a number of studies and workshops 

conducted over the years, to examine the potential of cmaps/vdiagrams as meta-

cognitive tools in mathematics. In particular, the vdiagram data presented here 

illustrated various applications to facilitate the problem solvers’ critical thinking and 

reasoning as they systematically analysed the mathematical content of problem 

statements as a means of identifying relevant principles and concepts to potentially 

guide the development of plausible solutions. Further, the data illustrated the use of 

vdiagrams as a tool to visually display and communicate the solver’s understanding 
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and knowledge of the problem or activity for public scrutiny and assessment. 

Subsequently, constructing a vdiagram required that solvers, not only show how they 

solved the problem (i.e., methods), but in addition, they were required to make 

explicit why their methods worked (i.e., relevant theoretical principles). Through a 

continuous interplay between the thinking and doing sides of the vdiagram, the 

problem solvers necessarily engaged in a critical thinking and reasoning process, 

individually or collaboratively, in order to complete the vee elements. The final 

outcomes (i.e., completed vdiagram), represented records of both the conceptual and 

the methodological information relevant to a given problem or activity and in some 

vdiagrams, including snapshots of the solver’s mathematical beliefs and critical 

reflections.   

Where the problem solver is a school student, the completed vdiagram provided 

evidence of his/her interpretation and analysis of the problem, how the given 

information is transformed to provide a method of solution, and his/her perceptions of 

mathematical justifications. Through interactions with the teacher, the student can 

continue to revise his/her vdiagram until it displayed a more cohesive and correct set 

of entries. Doing so routinely as part of classroom problem solving would encourage 

the view of mathematical problems as the application context and a site for the critical 

synthesis of the conceptual structure of mathematics and its methods and procedures. 

For student-teachers, completing vdiagrams demonstrated the extent of compliance 

and convergence of their mathematical beliefs, conceptual thinking and 

methodological intentions with those recommended by syllabus outcomes and 

indicators. That is, completed vdiagrams made explicit their intended meanings for 

public scrutiny and assessment. Doing so “increase(d) the likelihood that the 

meanings we intend(ed for) students to develop actually have the potential of being 

consistent with, and supportive of, the meanings, understandings, and ideas we hope 

they develop from them” (Thompson & Saldanha, 2003, p.95). Similarly for teachers, 

their completed vdiagrams communicated their perceptions of what counts as 

important to know and understand as well as made explicit intended meanings for 

public scrutiny, professional collaborations and further negotiations. Findings from 

this paper contribute to the literature on vdiagrams and meta-cognition. 

Finally, the process of constructing vdiagrams, as evident from the data presented, 

required the solvers to engage in a process of critical thinking and reasoning from 

given information and using their prior knowledge to ensure the cohesiveness and 

consistency of the displayed conceptual and methodological information within the 

context of a given problem/activity. This has implications for the design of learning 

activities to enhance the critical synthesis of mathematical principles and methods and 

to promote communicating mathematically in classrooms as well as for the 

explication of what teachers intend for students to learn and understand. Researching 

the impact of long-term use of vdiagrams on students’ critical thinking and 

mathematical performance is an area worthy of further research.  
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