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Introduction 

In the past twenty years, with the call for reform in mathematics education, problem solving 
has taken an important place in the curricula of many education systems. However, it is not 
always clear how problem solving should be organised and taught, and how problem solving 
skills can be assessed. Problem solving, unlike Mathematics, Geography, Science... , is not 
usually regarded as a school subject or a topic in a subject. There are no clear content areas 
associated with problem solving, and there are no clear-cut approaches to solving a 
problem. Is it sufficient to introduce some problem solving at the end of teaching each 
mathematics topic? Is it sufficient to devote a number of homework projects to problem 
solving? Many textbooks and school curricula include "problem solving" as a somewhat ad-
hoc activity. 

The Creative Problem Solving project examines the ways problem solving maybe organised 
in a more systematic fashion by linking problem solving dimensions to cognitive processes. 
The project has two main components. First, to better understand the cognitive processes 
involved, in-depth psychometric modeling and analysis of problem solving assessment data 
are carried out. These analyses also pave the way for the development of a more 
comprehensive and informative reporting scheme for teachers and students. Second, 
intervention strategies are proposed through the development of a set of teaching material. 
The analyses from Part 1 provide the basis for the organisation and content of the teaching 
material. In practice though, throughout the life of the project, the two parts of the project 
were carried out in an iterative fashion. Both the teaching material and assessment material 
were developed and refined after a number of trials, iteratively. This paper, however, only 
focuses on Part 2 of the project: the development of teaching material for problem solving. 

A Theoretical Framework for the development of Teaching and Assessment material 

Problem solving is a term that everyone seems to understand but few can give a clear 
definition for. The scope of problem solving can be extremely wide, from problem solving in 
school mathematics to problem solving in everyday life and in the workplace. In fact, every 
time one needs to solve a problem, it can be said that problem solving skills are required. 
This project is mainly concerned with problem solving in mathematics, but in a broad sense, 
covering logical thinking, spatial manipulation, as well as general quantitative reasoning. The 
tasks do not cover interpersonal problem solving or verbal reasoning. 

The development of a theoretical framework for this project started with the collection of 
student problem solving assessment data over the past three years. Problem solving 



competitions have been run annually for the past ten years by North Shore Development 
and Coaching Centre. These competitions were divided into three levels, covering Grades 3 
to 8. In each competition, approximately two thousand students participated. In addition to 
the problem solving competitions, a number of smaller scaled trial tests were also conducted 
in the past two years, mainly targetting at the Grade 5 level. Data from the competitions and 
the trials were analysed, providing useful information not only about "whether students can 
solve a problem", but also about "what errors students often make". That is, we need to 
know why students are unable to solve a problem. For example, is it a lack of 
comprehension of the problem situation, or a lack of strategies and tools for modeling a 
problem, or simply carelessness in carrying out the procedures? 

The OECD PISA mathematics framework (2002) describes the process of mathematics 
problem solving as mathematisation. The PISA framework illustrates the process of 
mathematisation as that shown in Figure 1. 

Figure 1 

The process of mathematisation thus involves understanding a problem situation, identifying 
relevant mathematical concepts, making assumptions, generalisations and formalisation, 
transforming the real-world problem into a mathematical problem, solving the mathematical 
problem, and making sense of the mathematical solution in terms of real world solution. 

The process of mathematisation is not dissimilar to Mayer's cognitive model of problem 
solving which gives a four-step process: Problem Translation, Problem Integration, Solution 
Planning and Solution Execution. While these theoretical models provide a basis for our 
framework, we need to make some adjustments from the point of view of operationalising 
the processes in terms of teaching and assessment. For example, it is difficult to simply tell 
students to "turn a real-world problem to a mathematical problem", or to "plan for a solution". 
It would be more helpful to explain HOW to turn a real-world problem to a mathematical 
problem, and HOW to plan for a solution. 

Through a number of trial tests, we examined the dimensionalities of the cognitive data, 
practical constraints for collecting data, common mistakes made by the students, as well as 
the usefulness of the dimensions for reporting and intervention. We derived the following 
dimensions for our study: 

• Extracting information from the question 
• Standard computation/Carefulness 
• Mathematical concepts/reasoning 
• Enumeration 
• Real-life applications/common-senseness 

Assessment items were designed to tap into these dimensions. The teaching material, 
however, placed more emphasis on problem solving "pointers" rather than "basic skills". For 
example, the lessons emphsise the need for a thorough understanding of a question, but the 
lessons do not teach students how to read. In the same way, while the lessons stress the 
importance of evaluating an answer, the lessons do not teach specific mathematics 
concepts or computational skills. It is assumed that there are ample opportunities for 
students to learn basic skills in their regular mathematics classes. As this paper focuses on 
the teaching component, we will not elaborate in detail the above dimensions, instead we 
will describe the teaching material in relation to these dimensions in the next section. 

 



The Organisation of the Teaching Material 

The teaching material was developed with the aim that the skills learned could be 
transferable across different problem solving situations. Therefore the lessons are structured 
with prompts for students (and teachers) to think about various processes in solving a 
problem, and where mistakes are likely to occur. So the lessons offer more than just 
solutions to problems. They often take the students through steps of the problem solving 
process, with intervening questions asking students to reflect on the process. 

The 20 units of problem solving material are organised into two parts. Part I (Units 1-5) 
focuses on four essential cognitive processes generally applicable to all problem solving 
tasks. Part II (Units 6 to 18) focuses on specific problem solving strategies and problem 
types. The intention of the sequencing of the units is to first promote key metacognitive 
awareness, so that for the latter part of the lessons, students will be able to apply these 
principles to all exercises. Parts I and II are not mutually exclusive, and there are overlaps in 
the type of questions in the two parts, since most tasks not only involve specific strategies 
but also demand general cognitive processes. Teachers are asked to re-iterate the 
processes introduced in Part I when teaching the units from Part II, so that students are 
reminded about the generic skills pertinent to problem solving. 

Part I of the teaching material 

Four key cognitive processes are introduced in Units 1 to 5. These are (1) Reading the 
question with care, (2) Making sense of the problem situation, and (3) Evaluating and 
checking answers. (4) Separating relevant information from irrelevant information. Each of 
these processes is described briefly below. 

Reading the question with care 

Undoubtedly, the ability to understand written texts is crucial to the success of problem 
solving, since the first step in problem solving is to understand the problem. Many students 
obtain incorrect answers not because they are unable to solve a problem, but because they 
fail to take care in reading the question. Whimbey & Lockhead (1991) emphasised the need 
to read as carefully as one can: 

Good problem solvers... are almost compulsive in checking whether their 
understanding of a problem is correct and complete. By contrast, poor 
problem solvers generally lack such an intense concern about understanding. 

Whimbey also discussed the six myths about reading, and strongly argued against those 
who advocate speed reading or reading only the key words. 

The items in this unit show that carelessness in reading the question stem will often lead to 
incorrect answers. 

The following is an example where students can easily mis-read a question: 

Twenty percent of the students chose Option A. It is hypothesised that the students who 
chose A have most probably missed the last two words in the question ("left over"), and 
proceeded to answer the question "how many icy poles did Mrs Lang give to the children?" 
So this mistake is related to reading the question rather than computational skills. 

 



Making sense of the problem situation 

Nesher (1980) gave the following problem to fifth-grade students: "What will be the 
temperature of water in a container if you pour 1 jug of water at 80° F and 1 jug of water at 
40° F into it?" Many students answered 120° F! Yet, when students are asked about the 
temperature of water if you mix one jug of hot water and one jug of cold water, they will reply 
"warm water". 

To understand a problem fully and accurately, it goes beyond just reading the texts carefully. 
It involved making sense of the problem situation and forming mental pictures of the 
situation. 

Reed (1999) noted that sometimes mental animation can help students see the solution of 
the problem. Very often using imagery will help students see new relations that are not 
immediately apparent in the verbal statement of the problem. 

This unit highlights the need to form mental pictures of the problem situation. Students are 
encouraged to act out the situation, or to draw pictures or diagrams to help them visualise 
the "story", and, in the process, the solution often becomes obvious. 

Below is an example where being able to visualise a problem situation helps with getting the 
correct answer: 

About 7% of the students answered 32. These students have no difficulties in choosing the 
correct arithmetic operation and carrying out the correct computation, but they failed to get 
an accurate picture of the problem situation. 

Another example is given below: 

Of the five options in the above example, there is only one "sensible" answer, Option A. That 
is, if two hoses are used at the same time, the time required must be less than the time 
taken when either one of the hoses is used. However, about 52% of the students chose the 
wrong option. Acting out the problem situation may be very helpful in finding the solution to a 
problem. 

Evaluating and checking answers 

In problem solving, an important step that is often neglected is to check (1) whether the 
answers satisfy the question requirements, and (2) whether the answers make sense, 
particular in the real world (as distinct from the mathematical world). 

Very often some simple checks of the answer against the problem statement can reveal 
whether the answer is correct. Consider the following example. "The product of two numbers 
is 20, and their sum is 9. Find the two numbers." Once we find the two numbers, we can 
easily check whether their product is 20, and whether their sum is 9. 

In addition to checking the answers for their mathematical meaning and properties, one 
aspect that is important is to evaluate whether the answers "make sense". Verschaffel, 
Greer and de Corte (2000) found that many fifth and sixth graders failed to relate 
mathematical answers to the real world. For example, many children were happy to give 
answers such as a fraction of a balloon, or half a bus. The items in this unit encourage 
students to think of their real world experiences as they solve problems, and particularly to 
relate the answers to a real-world answer. 



The following is an interesting example where many students had no difficulty in applying the 
correct mathematical procedures and carrying out the computation, but they failed to 
interpret the mathematical solution in terms of the problem. 

About 67% of the students were able to correctly compute the expression 

218 ÷ 12 = 18 remainder 2 

But only 30% of the students were able to give the answer as "19 cartons with 10 eggs left 
over". Most other students answered 18 cartons with 2 left over. This example shows that 
many students were unable to interpret the meaning of answers in a mathematical 
computation in terms of the real-world problem. Interestingly, many of those who did obtain 
the correct answer carried out two-steps. Firstly, they computed 

218 ÷ 12 = 18 remainder 2, 

and then 

19 cartons are required. Now 19 x 12 = 228; and 228 - 218 = 10. So 10 eggs will be 
remaining. 

Separating relevant information from irrelevant information 

Many non-routine problems require what is often called "lateral thinking". It is difficult to 
teach lateral thinking in a systematic way, as such thinking, by definition, has diverse 
differences in strategy and approach. However, we can encourage students to analyse the 
problem situation, sorting out relevant and irrelevant information, making connections 
between different pieces of information, and, above all, try different angles of approaching 
the problem. This unit introduces a number of items which are difficult, if not impossible, to 
solve, when "conventional" thinking and methods are used. The aim is to encourage 
students to "think beyond" what they have been taught in the normal school classroom. 

The following is an example. 

Which two of the following shapes have the same perimeter length? 

A. B. C. D. 

At a first glance, there appears to be insufficient information for solving this item, as no 
measurements are given. Students are encouraged to observe the relationships between 
objects, and discover additional information that is relevant to finding the solution. 

Part II of the teaching material 

While it is important to understand a question, make sense of a problem situation, evaluate 
answers and look for connections of objects and variables, there are also useful tools or 
strategies that the expert problem solvers often draw upon. In this section, students are 
taught how to make use of well-established problem solving strategies to help them find 
solutions to problems. 

Each lesson in this section focuses on a specific problem solving strategy or problem type. 
These include 



• Skills of Counting 

• Knowing what you are counting 
• Knowing what to be included or excluded 

• Using Tables 

• For counting 
• For organising information 

• Using Diagrams 

• For structuring information 
• For processing information 
• For sequencing information 

• Simplifying problems by examples 
• Shapes (area and perimeter) 
• Logical analyses 

In the units on "skills of counting", an emphasis is placed on the different types of counting, 
for example, whether we are counting intervals or end-points. The lessons on the use of 
tables illustrate how tables can be used to keep track of counting or tallying, as well as for 
organising information. A number of lessons demonstrate how diagrams can be used, not 
only to clarify and represent problem situations, but also as a tool in the solution process. 
Other useful tips on problem solving include simplifying a problem through the use of 
examples, "smart" computation and lateral thinking. Several lessons are also devoted to 
spatial relationships and logical reasoning. 

Results of the Problem Solving Trials 

Two trials of the problem solving course were conducted, one in 2001 and one in 2002. In 
2001, a subset of the teaching material was used, and pre- and post-test results were 
collected before and after the trial of the problem solving course. The teaching material was 
then revised and expanded in 2002, and pre- and post-test conducted again. We will give a 
summary of the findings for both the 2001 and 2002 trials. 

2001 

In 2001, 257 students took part in a pre-test at the end of June. 137 students attended the 
problem solving course. 345 students took part in the problem solving competition in 
November. The results from the competition were regarded as post-test scores. 

However, not many students who participated in the pre-test and problem solving course 
entered the problem solving competition. Consequently, only 44 students could be identified 
with both pre- and post- test scores. Of these, 18 students attended the problem solving 
course (treatment group) and 26 did not attend (control group). 

Based on such a small sample, it is difficult to draw conclusions. Table 1 shows the means 
and standard deviations of the control group and treatment group. 

Table 1 Pre-test means and standard deviations for control and treatment groups 



Control Group Treatment Group 

mean std dev sample size mean std dev sample 
size 

14.42 5.32 26 16.00 5.49 18 

Table 1 shows that the pre-test scores are comparable for the control group and treatment 
group. That is, the students in the control group have a similar ability distribution as the 
students in the treatment group 

A tabulation of post-test mean scores showed that the middle ability group of students may 
have benefited from the problem solving course more than the low and high ability groups. 
Table 2 shows the means of post-test scores for the control and treatment groups. 

Table 2 Post-test means for control and treatment groups, by pre-test ability 

Ability Group(by pre-test 
scores) 

Control Group Mean 
(sample size) 

Treatment Group mean 
(sample size) 

Low 56.7 (10) 44.7 (3) 

Median 60.8 (9) 61.6 (9) 

High 70.7 (7) 66.8 (6) 

ALL 61.9 (26) 60.5 (18) 

While no differences are statistically significant, there is some suggestion that the middle 
ability group of students benefited more from the problem solving course than the students 
of low or high ability. 

2002 

In 2002, a more formalised problem solving trial was conducted in both Sydney and 
Melbourne. For ease of distinguishing between the groups of students in the trial, we shall 
refer to the group that participated in the problem solving course as the "treatment group", 
and the group that did not participate as the "control group". 

Selection of the treatment group 

Students in the treatment group were selected with the following principles in mind: 

• varying ability levels, 
• from families of different socio-economic background, 
• different cultural mix. 

The following table shows the distribution of treatment group classes by suburb: 



City Suburb City Suburb 

Sydney Chatswood (Saturday) Melbourne Burwood 

Sydney Carlingford Melbourne Dandenong 

Sydney Kogarah Melbourne Footscray 

Sydney Epping Melbourne Bundoora 

Sydney Parramatta Melbourne Springvale 

Sydney Cabramatta Melbourne Hawthorne 

Sydney Randwick     

        

Total number of 
students 

244   164 

For those who have some idea of Sydney and Melbourne, you will notice that suburbs like 
Cabramatta in Sydney, Dandenong and Footscray in Melbourne are mostly working class 
families with lower income levels. Parents usually have lower levels of educational 
attainment. On the other hand, Randwick and Chatswood in Sydney, Burwood in Melbourne 
are upper middle class suburbs with mostly professionals and well-educated parents. 

Also, once a suburb was chosen, intact classes were selected (all students from year 5) 
rather than a selection of students from each class. For suburbs with both Saturday and 
Sunday classes, only classes from one day were selected so as to make the treatment 
group and control group more comparable, as there were classes at the same location in 
both treatment and control groups. 

Selection of the control group 

Again, students for the control group were selected with similar principles in mind, that is, a 
wide range of different ability and/or socio-economic background. 

The following table indicates distribution by suburb: 

City Suburb City Suburb 

Sydney Chatswood (Sunday) Melbourne Box Hill 

Sydney Ashfield     

Sydney Bankstown     



Sydney Beverly Hills     

Sydney Liverpool     

Sydney Wahroonga     

Sydney Chinatown     

Sydney Eastwood     

Sydney Fairfield     

Sydney Hurstville     

Sydney Blacktown     

Sydney Burwood     

Sydney Castle Hill     

Sydney Cherrybrook     

Total number of 
students 
(approximate) 

360   80 

  

Instructions received by the treatment group 

18 half-an-hour problem solving lessons were taught between May and September 2002. 
These lessons were delivered by primary school teachers who normally specialise in 
Mathematics and related subjects. 

Feedback from teachers: 

A total of 24 teachers were involved. A questionnaire, comprising of 10 structured questions 
and one comment section, was given to each teacher at the end of the program. Apart from 
very encouraging praises and constructive suggestions to improve the contents and 
presentation of the program, there were several interesting comments: 

• "they (the program) were of most value to the better achievers" - Similar comments 
were mentioned by four other teachers. 

• "slower kids need a lot more time" - a comment shared by seven teachers. 
• "need revision practice to ensure learning is retained" - mentioned by five teachers. 

It is also worth noting that while most teachers gave glowing comments, two out of the 
twenty two teachers who completed the questionnaire queried the effectiveness of the 
program. Both teachers found that their students struggled with basic skills and this program 



was seen as an additional burden. Both groups of students were situated in suburbs of lower 
income and educational attainment families. 

Data Analysis 

When we analysed the test data, we encountered two problems with the Sydney sample. 
First, some of the student IDs were missing in the post test, making the task of matching 
pre- and post- test scores difficult. Second, there was a re-allocation of students to classes 
during the trial, so that some students who started in the problem solving course went to a 
class not participating in the problem solving trial. So for the present analyses, we used only 
the data from the Melbourne sample. 

There were 183 students who took part in both the pre-test and post-test. Of these 183 
students, 102 participated in the problem solving course. That is roughly half of the sample. 

It is worth noting that the post-test was designed as a general problem solving test, tapping 
into all dimensions of problem solving. The post-test was not designed to find out whether 
students have mastered the specific lessons and examples in the problem solving course. 

The pre- and post- tests were not linked in terms of common items. They were linked 
through common students. However, as the two tests were administered 5 months apart, 
there was some "growth" expected in this period, as all students had lessons throughout this 
period, both in their regular schools and at North Shore Centre, whether they participated in 
the special problem solving course or not. 

As a result of this trialing design, we cannot use the difference between a student's pre- and 
post- test scores as a direct measure of "growth", because the two tests are not calibrated 
together and they are not placed on the same scale. However, it is still valid to compare the 
difference in growth between the "treatment group" and the "control group". 

Figure 2 shows a hypothetical growth diagram for the control and treatment groups. 

Figure 2 Hypothetical proficiency growth of the two groups 

We have student scores at points A and C, and at points B and D. The scores at A and B 
are not comparable (neither are C and D) because the two scores are not on a common 
scale. However, A and C scores are on the same scale, and B and D scores are on the 
same scale. The difference between A and C plus the difference between D and B will give 
us a measure of the difference of growth between the treatment group and the control group. 

In all of following analyses, unless otherwise stated, student scores are the calibrated Rasch 
person scores (logits) obtained from the Quest program (Adams and Khoo, 1996). 

Before finding differences between the two groups, we first examine the pre-test scores for 
the two groups, so as to have some assurance that the compositions of these two groups 
are approximately comparable. 

Table 3 gives the mean and standard deviation of the pre-test score for each group. It shows 
that the two groups have very close mean scores, but the control group is slightly more 
homogeneous than the treatment group. This is not surprising as the control group students 
are all from one centre, Box Hill. 

Table 3 Pre-test Mean and Standard Deviation for each group 



Group mean standard deviation number of 
students 

Treatment -0.19 0.99 102 

Control -0.20 0.88 81 

  

Figure 3 Differences in "growth" between the treatment and control groups 

Table 4 Differences in "growth" between the treatment and control groups 

Category Control Group Mean 
(Sample size) 

Treatment Group Mean 
(sample size) 

Significance (p) 

All 0 (81) -0.0197 (102) 0.89 

Pre<-0.5 0 (35) -0.1581 (40) 0.48 

-0.5<Pre<0.5 0 (29) 0.2714 (38) 0.21 

Pre>0.5 0 (17) -0.1116 (24) 0.73 

  

Figure 3 shows the differences between the treatment group means and the control group 
means, standardised in such a way that all control group means are zero. There are four 
categories for comparison. The first is the "All" category, a comparison between the two 
groups with all students in the sample (102 students in the treatment group, and 81 students 
in the control group). The two group means are very close, indicating that, for the whole 
sample, there is little difference between the amount of growth between the treatment and 
the control groups. 

The next three categories ("Pre<-0.5", "-0.5<Pre<0.5", "Pre>0.5")) show a comparison 
between the treatment and control groups, by ability levels, as defined by the pre-test 



scores. This comparison by ability levels shows that the difference in growth is the largest for 
the "middle" ability level. While none of the differences is statistically significant, the middle 
ability level has the smallest p value (0.21), with an average growth difference of 0.27 logits, 
about one third of a standard deviation of student scores. 

This finding is consistent with the 2001 results. That is, the problem solving course benefits 
the middle ability group of students more than the high and low ability groups. This result is 
not surprising, as the problem solving course does not try to teach basic skills. Rather, the 
lessons identify common errors made by students and teach problem solving strategies over 
and above basic skills of computation and textbook drills. It is not surprising that students 
who have not mastered the basics would find the problem solving course difficult. 

In summary, while the results are not conclusive, there is some positive indication that the 
problem solving course is useful, at least for the middle ability group of students. The trialling 
of the problem solving course provided helpful feedback for an on-going process of 
refinements and revisions, both for the teaching material and the assessment items. 
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