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Abstract 

This paper uses an item response model to analyse a set of response data in a test 
consisting of a mixture of one-component items and two-component items. The items are 
measuring quantitative reasoning and numerical facility. In each of the two-component 
items, the second component is dependent upon the first so that the condition of local 
independence is violated at the component level. A multicomponent model based on 
conditional probabilities expressed in a modified form of the logistic function is fitted to the 
data. Ability estimates of the students and diffculty esimates of the items along the teo 
dimensions of abilities are obtained. 

Introduction 

On mathematical abilities, Snow and Lohman (1989) mentioned the consistent appearance 
of two numerical ability factors: numerical facility and quantitative reasoningThe former is 
associated with simple arithmetical computations and the latter involves "the ability to 
assemble a plan for solving a problem" ( p305). 

Thus for a mathematics test to be informative and to be an aid to teaching and learning, it is 
important to distinguish between quantitative reasoning and numerical facility. Weakness in 
quantitative reasoning could be due to a lack of sufficient linguistic knowledge or factual 
knowledge or not having enough knowledge on the different problem types. Weakness in 
numerical facility could be the outcome of a lack of practice on the algorithms of arithmetical 
computations. Through identifying the abilities in which a student is weak, it is possible to 
determine which types of knowledge or skills a student needs further development. 

The test data 

The test consists of 12 arithmetic items. Using the original numbering as in the item bank, 
they are items 10, 11, 14, 15, 16, 19, 21, 22, 24, 25, 30, 31 and 35. They are either single 
component items or two component items. Two are on number patterns and two are on the 
meaning of fractions. The rest are word problems which demand identification of the correct 
arithmetical operations from the contexts and then calculating the final results. The test data 
are chosen because the items are testing the two types of mathematical ability described 
above. In fact, the two types of abilities were tested independently and also dependently in 
the items. Items 21and 22, for instance, are testing quantitative reasoning only. Items 10, 11 
and 24 are 2-component items testing these two abilities in two dependent components. 
Component "a" in each item measures quantitative reasoning by asking the students to put 
down the correct operation. Component "b" measures numerical facility. 

 

 



Table 1 Items selected for analysis 

Items in 

the test 

Quantitative Reasoning Numerical Facility 

Item 10 1st Component 2nd Component 

Item 11 1st Component 2nd Component 

Item 15 One Component   

Item 16 One Component   

Item 19 One Component   

Item 21 One Component   

Item 22 One Component   

Item 24 1st Component 2nd Component 

Item 25   One Component 

Item 30   One Component 

Item 31   One Component 

Item 35   One Component 

Total Eight Components Seven Components 

A sample of 1900 students provided responses. Thus a set of response data to 15 
components in twelve arithmetic items is obtained. 

Evidence from factor analysis 

To seek support on the two-factor approach to the data, an exploratory factor analysis is 
carried out without specifying the number of factors to be extracted. This aims at identifying 
how many factors are sufficient to explain the inter-component correlations in the data. Then 
a confirmatory factor analysis with a specified factor pattern for the sixteen components on 
the two factors is run to test whether the data support the pattern. This aims at testing 
whether the components are measuring the two different types of abilities as expected. 

An exploratory factor analysis was run on the response data. Factoring phi coefficients on 
items of unequal difficulty is known to lead to the emergence of spurious factors (Ferguson, 
1941; Carroll, 1961). . Factor-analyzing tetrachoric correlations has been found to give "valid 
estimate of the dimensionality of the latent trait space if the sample size is sufficiently large" 



(Hulin et al., 1982, p244) For this reason, the tetrachoric correlation matrix is factor-
analysed. The resulting matrix has a determinant of 0.121, indicating that it is Gramian and 
non-singular. But because the determinant is close to zero, its inverse may not be stable. 
For this reason, the method of unweighted least squares (ULS) in SPSS is used for factor 
extraction. Figure 1 shows the eigneplot obtained.

 

Figure 1 Eigenplot for scree test 

 

The Guttman-Kaiser criterion suggests that the number of eigenvalues greater than one 
determines the number of factors to be included in the factor model. There are four factors 
with eigenvalues greater than one, but those of the last two are close to one. In item 
analysis, this criterion has been found to be giving factors more than the actual number 
(Gorsuch, 1974). 

Cattell’s scree test (1964) involves plotting the eigenvalues against the 

factor number and takes the point at which the curve starts to straighten out as giving the 
number of factors to be extracted. The eigenplot in Figure 1 shows that the point where 
levelling starts off occurs at the second factor or the third factor. In any case, the exploratory 
factor analysis showed that a model with more than one factors is necessary to fit the data. 

A two factor model with the factor pattern shown in Table 2 is fitted to the tetrachoric 
correlation matrix. A confirmatory factor analysis was run using 

Table 2 

Factor pattern used in confirmatory factor analysis 

Components Quantitative reasoning numerical facility 

10a X 0 

11a X 0 



15 X X 

16 X X 

19 X X 

21 X 0 

22 X 0 

24a X 0 

14 X X 

25 0 X 

30 0 X 

31 0 X 

35 0 X 

Key: 0 indicates zero factor loading; x indicates nonzero factor loadings 

LISREL (Jö reskog and Sö rbom, 1993), assuming all the off-diagonal elements in the 
variance-covariance matrix for the errors of the responses were zero. The method of 
unweighted least squares is used again because the determinant of the correlation matrix is 
close to zero. 

In confirmatory factor analysis, parameter estimates outside the feasible ranges are signs of 
misspecification of the models (Long, 1983). In the case here, all the parameter estimates lie 
in the feasible ranges. There are no negative variances, no negative values for the squared 
multiple correlation coefficients, no correlations exceeding 1 in magnitudes, and the fitted 
covariance matrix reproduced from the factor pattern above is positive definite. 

The goodness-of-fit index (GFI) measures the relative amounts of variance and covariance 
that are accounted for jointly by the hypothesized model. It shows a high value of 0.95. Even 
after the adjustment for the degree of freedom, the adjusted index (AGFI) has a value of 
0.93. It indicates that the model is successful in explaining the variances and covariances in 
the scores on the components. 

The Bentler and Bonnet index (BBI) compares the hypothesized model to the null model 
where the components share no factors in common and with each component representing 
one independent factor. (Bentler and Bonnet, 1980). In this case, it is a 2-factor model 
versus a 13-factor model. The index represents the incremental improvements in fit for the 
hypothesized model relative to the null model. A value close to one indicates that the 
hypothesized model is a good model. The index here is 0.83. 

The factor loadings from the confirmatory factor analysis are graphed in 



Figure 2. It is seen that those components with zero loadings in one factor have 
considerable loadings, at least above 0.35, in the other factor. 

 

Figure 2 Loadings of the 13 components on the reasoning and numerical factors 

Items 15 and 19 have much higher loadings in the first factor than in the second. This shows 
that they measure the first factor rather than the second. But judging from the content of 
items 15, 19, 21, 22 and that of the first component of items 10, 11 and 24, together with the 
fact that no numerical calculation is required in these items and components, the first factor 
should denote quantitative reasoning. 

Components 10b, 11b and 24b have been left out in the factor analysis, it is clear that they 
are measuring numerical facility. The crosstabulation in the table shows the number of the 
students obtaining different response categories in the components of the three items. 

 

 

 

 

 

 

Table 3 Crosstabulation tables for the three 2-component items 



Item 10 Item 11 Item 24 

b 

a 

0 1 b 

a 

0 1 b 

a 

0 1 

0 3
3
2 

 0 8
0
4 

 0 9
0
3 

 

1 2
8
0 

4
6
1
1 

1 9
6
8 

3
4
5
1 

1 1
8
4
7 

2
4
7
3 

Key: 0 for incorrect response; 1 for correct response 

Analysis of the data by item response model 

  

Thus, the response data on the fifteen components from the twelve items are used as 
indicators for the abilities of quantitative reasoning and 

numerical facility. Since two types of abilities are involved, and there are three items 
containing sequentially dependent components, the data has to be analysed using the 
multicomponent model(Lai, 1999, Embretson,1985, 1984; Whitely, 1981, 1980) which is 
done using . QUEST (Adams & Khoo, 1993) with modification.. 

As shown in Table 1, the eight components measure quantitative reasoning. are always 
accessible by students and they are independent of each other. Five are single component 
items. The others appear as the first components of three 2-component items. Accordingly, 
there is no difference between using the simple logistic Rasch model (1960) or the 
multicomponent model for these components. The likelihood equations giving the estimates 
of the parameters are the same in both models. For this reason, the analysis of the data on 
the components measuring quantitative reasoning is done using an existing program, 

The observed numbers of correct responses in each component measuring quantitative 
reasoning from students of different raw scores as compared to the expected number of 
correct responses calculated using the estimates of the difficulty and ability parameters from 
the multicomponent model. The discrepancies show whether the model is appropriate to the 
data. 

Where the expected frequency is not less than five, the asterisks indicate that the 
discrepancies are significant based on a c 2 statistic with one degree of freedom at 0.05 
level. In this way, only eight out of the 46 discrepancies, about 16.1%, are found that the 
observed frequencies do not support the expected frequencies obtained from the model. 

Responses to the components messuring numerical facilities are analysed by QUEST, but 
making use of the CODE command in such a way that responses from those students with 
incorrect responses to the first components of the same items are treated as missing data. 



The same comparison of the expected and observed frequencies are made. However, the 
grouping of the students is not based on scores because students having the same scores 
on these components may receive different ability estimates. 

A method similar to that of Hosmer and Lemeshow (1989) described in Section 5.7 is used 
to group the students.. In this way, the students are divided into sixteen groups. Within each 
group, the probabilities of obtaining a correct response to a component are almost the same. 
17% of the discrepancies shown in the table are significant when compared to a c 2 
distribution with one degree of freedom. In some of these cases, 

the discrepancies as judged from the differences between the expected and the observed 
frequencies alone are not serious. For examples, the last group from component 10b gives a 
difference between 143 and 144.8; the seventh group from item 31 gives a difference 
between 10 and 11.1; the second last group from component 11b shows a difference 
between 11 and 12.77. 

The overall c 2 statistic for goodness of fit is not computed for various reasons. Firstly, the 
combined statistics may lose sight of the different locations of discrepancies. Secondly, the 
statistic is highly sensitive to sample size and the present sample of 1900 is likely to inflate 
its value. Lastly, some of the expected frequencies in the above tables are less than five, 
which casts doubt on the c 2 approximation of the statistics, unless further pooling of classes 
is done. 

Estimates of the difficulty parameters are given in Table 4. The performance in the 
components on numerical facility was rather varied with a high proportion of students 
answering 10b correctly, over half succeeded in 11b, but less than half could respond 
correctly to the other components. Only about 10% of the students answered item 35 
correctly. The varied performance leads to a range of difficulty estimates as wide as 6.64. 
The results show that in arithmetical operations involving two-digit numbers, the students 
could manage addition and subtraction, but not multiplication and division. There were less 
variation in the performance on items measuring quantitative reasoning. This is supported by 
a narrower range of 4.96 for the difficulty estimates. Reasoning with fractions and number 
patterns are the weaknesses identified. 

Table 4 

Estimates of difficulty parameters of the 15 components 

Quantitative Reasoning Numerical Facility 

Compo- 

Nents 

No. of 
correct 

responses 

Estimates of 

difficulty 

Compo-
nents 

No. of 
correct 

responses 

Estimate of 

Difficulty 

10a 1849 -2.59 10b 1752 -3.97 

11a 1596 -0.62 11b 1165 -1.40 

15 1437 -0.05 24b 742 0.13 



16 869 1.37 25 857 0.19 

19 1079 0.89 30 560 1.15 

21 1252 0.47 31 546 1.20 

22 1078 0.89 35 221 2.67 

24a 1523 -0.34       

  

Estimates of the reasoning ability corresponding to the different raw scores are given in 
Table 5. They increase with raw scores. There is a one-to- 

one correspondence between the estimates and the raw scores. However, through 
dependence between the components within the same item, the situation is different in the 
estimates of the numerical ability. 

Table 5 

Estimates of ability parameters for quantitative reasoning 

Raw Scores Frequencies Estimates 

1 19 -2.46 

2 47 -1.33 

3 115 -0.56 

4 187 0.09 

5 356 0.71 

6 535 1.40 

7 641 2.33 

  

  

  



 

Figure 3 Scatterplot of raw scores and ability estimates on numerical facility in the test 

  

Figure 3 shows that, in the estimation of numerical abilities, the Multicomponent model gives 
different ability estimates for the same raw scores, ie the same number of correct responses. 
The ranges of estimates are rather wide when the raw scores are small because in the latter 
cases, the number of accessible components has larger variations. The range becomes 
narrower as the scores increase in values. accordingly leads to a range of estimates. 

  

This is further demonstrated in Table 6. 

  

Table 6 

Different ability estimates on students with only one correct responses 

Student 10b 11b 24b 25 30 31 35 Estimates 

a * * * 1 0 0 0 0.02 

b 1 * * 0 0 0 0 -2.24 

c * * 1 0 0 0 0 -0.55 

d 1 0 * 0 0 0 0 -2.92 

e 1 0 0 0 0 0 0 -3.02 

(Key: * , inaccessible; 0, incorrect response; 1, correct response) 



  

Both students b and c attempted the same number of components, but the latter responded 
correctly to a more difficult component and thus received a higher estimate. Students b and 
d responded correctly to the same component, but the former has one incorrect response 
less, and was then given a higher estimate. The highest estimate obtained within this score 
is 0.02 where the student (student a in Table 9.14) attempted four components and obtained 
a correct response in one. As different from a simple logistic Rasch model, which 
components to be answered correctly and which incorrectly may also affect the estimates. 

The scatterplot in Figure 4 identifies a group of 27 students who are strong in quantitative 
reasoning (whose estimates are above 2, among the top 33% in the sample) but weak in 
numerical reasoning ( with corresponding estimates below -2.9 , among the bottom 8% in 
the sample). Among them, 24 have an estimate of 2.33 in the scale for reasoning and only 
an estimate of -3.02 in the scale for numerical ability. The study identifies that the main 
weakness of this group of students lies not in understanding the problems, but in numerical 
calculations. These students are particularly weak in the last four items which require 
multiplication and division involving 2- or 3-digit numbers. For this group, more practice on 
this area is necessary. 

It can also be seen that even within each of the highest four estimates on quantitative 
reasoning, there is a wide range of estimates for the numerical facility, illustrating that strong 
reasoning skills may not necessarily lead to strong numerical skills. In fact, Figure 4 
illustrates that at any fixed level of one ability, there is a wide range in the other ability. The 
points do not show any tendency of linear or non-linear association, indicating an absence of 
relationship between the two abilities. 

The scatterplot also identifies another group of students, who are strong in numerical facility 
but weak in quantitative reasoning. The estimate on their reasoning abilities are less than -
0.5, and are among the bottom 10% in the sample, but the estimates for their numerical 
ability are all above 1.25 which place them among the top 25% in the sample. For these 
students, numerical facility may not be the reason for failing to obtain correct responses. 
They may either have difficulty in understanding the 

 

  

Figure 4 Scatterplot of ability estimates on quantitative reasoning and numerical facility in 
the test questions due to language difficulties or they have not been able to identify the 
different problem types involving the different arithmetical operations. To identify the proper 



reason for the low reasoning skill needs further sources of evidence such as information on 
their language abilities, or observation and follow-up interviews with the students. 

  

Conclusion 

This analysis manages to give every student an estimate of each of the two mathematical 
abilities mentioned by Snow and Lohman (1989). As described by Mayer (1982, 1985), 
weakness in one ability is different from weakness in another in terms of the deficiency of 
the types of knowledge required. Quantitative reasoning calls for linguistic knowledge, 
factual knowledge and schema knowledge for problem types. Numerical facility demands the 
use of algorithmic knowledge for performing the arithmetical operations. In fact, the analyses 
show that there are students strong in one of the abilities but weak in the other. Correct 
identification of the weakness enables the instructors to apply the appropriate remedial 
strategies without wasting time on something unnecessary. In this way, the test provides 
useful information for teaching and learning. 

Measuring the two student abilities could be improved if items are at first designed with 
measuring these two abilities in mind. Some of the items are written in a way that makes the 
distinction of these two abilities, and hence identification of the weaknesses of the students, 
difficult. The test has its merit in leaving some items measuring numerical abilities only, 
some measuring reasoning only, and some with dependent components measuring both. 
But some items on word problems, namely items 25, 30, 31 and 35, should similarly be 
divided into components so that diagnoses of the sources of failures could be made. 
Furthermore, the numerical skills required in these items are more difficult than those in 
other items. In fact, there are no one-component items testing numerical facility of 
comparable difficulty. For discriminating students on numerical ability, it is suggested that 
the test should include items of wider range in difficulty and testing numerical facility 
independently of quantitative reasoning. Moreover, the multiple choice options in these four 
items are not well selected. They easily betray the arithmetical operation to be used. More 
two-component items should also be included. 
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