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What's Fair for Grade 6?

ABSTRACT
Children experience the concept of fairness in a variety of contexts 
most of which are outside the school curriculum.  The case study 
described in this paper developed from the initial stages of a larger 
project assessing higher order cognitive functioning during learning in 
probability and statistics.  The study aims to identify the 



consequences these experiences have in terms of the development of a 
mathematical notion of fairness as it relates to probability.  Students 
from Grades 6 and 9 were interviewed using a protocol designed to 
assess their understanding of fairness through playing games, and 
through data collection, representation, interpretation and prediction. 
 The theoretical framework used to analyse student responses was the 
SOLO Model with Multimodal Functioning developed by Biggs and Collis.  
The results of the case study have implications for the larger project 
in terms of the design of the protocol exploring fairness and in 
determining the age range of students to be sampled.  In turn the 
findings of the whole project will be applied to monitor the 
implementation of higher order objectives in the Australian chance and 
data curriculum.

Introduction
The case study described in this paper emanates from the initial stage 
of a larger study which will examine the higher order cognitive 
functioning in probability and statistics in collaborative and 
individual settings.  One of the protocols being developed for the 
project is designed to explore the development of students’ 
understanding of the concept of fair.  In particular the investigators 
are interested in the notion of fairness as it relates to dice and 
equally likely outcomes.  This is an important aspect of the 
development of an understanding of probability.  Determining fairness 
is a higher order cognitive task because not only does it require 
knowledge of equally likely events but in the context of the activities 
used in this study it also requires an understanding of sampling and 
data analysis.
Children develop many stochastic understandings from an early age 
(Yost, 1962; Goldberg, 1966; Fischbein, 1975; Falk, Falk & Leven, 1980) 
and with the mathematical concept of fair it would be reasonable to 
assume that children begin to develop their understanding before they 
start school.  Siblings are particularly quick to determine what 
constitutes fairness, and children have many opportunities to construct 
their meanings in relation to sharing and equality.  It is doubtful 
that to date the full extent of these understandings have been 
explored.  As a consequence children may be making meaning of school 
presented material in the context of their current understanding of 
fair and this may lead to a mismatch between the intended learning 
planned by the teacher and the actual learning constructed by the 
students (Kapadia, 1985).
Teachers need to be aware of the understandings which children have in 
order to plan and construct learning situations which are appropriate.  
To be effective, students need to be actively involved in these 
learning situations.  It may even be necessary to engage the students 
at an emotional level when it comes to this particular concept 
(Fischbein, 1985) because students may call to mind different cognitive 
beliefs depending on the context.



Research and the Curriculum
Very little appears to have been written about the development of the 
mathematical concept of fairness and in a search of the associated 
research a specific focus on an understanding of fairness was not 
found.  An expectation that students have an understanding of the 
concept of fairness is implicit in a number of studies  (Konold, 1989;  
Konold, Pollatsek, Well, Lohmeier, & Lipson, 1993;  Watson, Campbell & 
Collis, 1993). The research of Konold et al. (1993) poses questions 
about the likelihood of possible outcomes when a fair coin is tossed 
five times.  Fairness associated with games has been the focus of 
numerous projects.  (Martin & Zawojewski, 1993;  Peard, 1993;  Bright, 
Harvey & Wheeler, 1981)
Although not specifically related to fairness the research of Fischbein 
and Gazit (1984) describing the intuitions developed by relatively 
young children through experiences prior to formal schooling indicates 
a connection between these intuitions and the later development of 
complex mathematical concepts.  They stress the importance of 
acknowledging these intuitions or cognitive beliefs because they can 
assist or impair understanding of probability and statistics concepts 
during schooling.
Kahneman and Tversky (1973) described a representativeness heuristic 
which students employed when asked to predict randomly generated 
outcomes.  For example, if the students were asked to predict the 
outcomes from tossing a regular die sixty times using the 
representativeness heuristic their responses would closely resemble the 
theoretical outcome of 10 of each number 1 to 6.  In exploring the 
notion of fairness the study reported in this paper has focussed on the 

students' prediction of outcomes from a similar perspective and then 
extended this idea to explore how far results differ from the uniform 
theoretical distribution before students are willing to accept that the 
sample is not representative.
A consistent theme in the research which explored students’ 
understanding of probability and statistics has been that of students' 
misconceptions (Kahneman & Tversky, 1973;  Shaughnessy, 1977;  del Mas 
& Bart, 1989;  Cox & Mouw, 1992).  The use of this term indicates a 
deficit view of learning which judges mental constructs as being either 
correct or incorrect.  The authors prefer a constructivist perspective 
of learning where the student's understanding is not viewed as a 
misconception but rather as an alternative conceptualisation to that 
which has been conventionally agreed.  Some "misconceptions" could more 
accurately be described as an understanding which is incomplete in some 
respect.
The role of the concept of fairness within the chance and data section 
of the mathematics curriculum has been largely overlooked.  References 
to the concept of fairness appear briefly in A National Statement on 
Mathematics in Australian Schools  (Australian Education Council [AEC], 
1991) in examples of fair games and fair dice but the concept does not 
appear within the learning outcomes of any strands in Mathematics - A 



curriculum profile for Australian schools (AEC, 1991).  A passing 
reference is made to fairness in relation to sharing equally or being 
equitable in four of the indicators, but none of these are related to 
the chance sub-strand organiser.  The connection between fairness as it 
relates to sharing equally and fractions is identified in the research 
of Watson, et al. (1993).  The concept of fairness forms part of the 
emerging understanding of fractions and decimals as well as being a 
fundamental concept within probability and statistics.
Theoretical Framework
The theoretical model used for the analysis of the data from this study 
was developed by Biggs and Collis (Biggs & Collis, 1991;  Collis & 
Biggs, 1991).  Initially the SOLO Taxonomy (Biggs & Collis, 1982) 
described the sensori-motor, ikonic, concrete symbolic, and formal 
modes of operation within which learning cycles operate.  Subsequently 
the intermodal and multimodal functioning were identified and 
incorporated into the model (Biggs & Collis, 1991;  Collis & Biggs, 
1991).  This model suggests that earlier developing modes continue to 
develop in conjunction with later modes and provide opportunities for 
interaction which may facilitate intellectual functioning in general.  
Of particular interest here are the ikonic and concrete symbolic modes, 
these being associated with intuitive functioning and the symbolic 
learning which takes place in schools often linked with the use of 
concrete materials especially in the early years.  Results 
demonstrating multimodal functioning in the acquisition of 
understanding of fractions (Watson, et al., 1993) and the work of 
others in the field of stochastics (Berenson, Friel & Bright, 1993; 
Callingham, 1993; Fishbein & Gazit, 1984; Watson & Collis, 1993) lead 
to the belief that such functioning will also occur for concepts 
related to fairness in probability.
In addition to multimodal functioning, Biggs and Collis (1982; 1991) 
argued that, within each mode, hierarchical development takes place by 
means of a cycle of learning.  This cycle has five levels:  
prestructural, unistructural, multistructural, relational and extended 
abstract - each level representing an increasing order of complexity as 
summarised briefly below:
i)Prestructural responses, which represent no use of the elements 
required to identify the mode in question;
ii)Unistructural responses (U), which represent the use of only one 
relevant aspect of the mode;
iii)Multistructural responses (M), in which several disjoint relevant 
aspects are processed, usually in sequence;

iv)Relational responses (R), in which an integrated understanding of 
the relationships between the different aspects is achieved; and
v)Extended abstract responses, in which integration is achieved to such 
a degree as to enter the unistructural level of a higher mode.
Considering responses within a mode of functioning, it is the middle 
three types of response which are of main concern: unistructural (U), 
multistructural (M), and relational (R).  Recent studies of 



mathematical understanding within the concrete symbolic mode have found 
two U-M-R cycles operating in connection with students' understanding 
of volume measurement (Campbell, Watson & Collis, 1992), fractions 
(Watson, et al., 1995), arithmetic mean (Callingham, 1993) and data 
handling (Watson, Collis, Callingham & Moritz, in press).  These 
cycles, which can be traced through the years of schooling for volume 
measurement and fractions, appear when student understanding is viewed 
in considerable detail and precede the progression into the formal mode 
of operation.  Fairness is a higher order concept which incorporates 
aspects of both probability and statistics and therefore is likely to 
require two U-M-R cycles to categorise responses in the concrete 
symbolic mode.  With the concept of fairness intuitive understandings 
would be expected to be significant because children develop notions of 
fairness from an early age through varied experiences with sharing and 
games.  Therefore it is hypothesised that a U-M-R cycle would be 
observed in the ikonic responses.  The interaction of the two modes of 
thinking, ikonic and concrete symbolic, is also of interest.  It has 
been noted that intuitive reasoning is frequently used by adults in 
solving problems with probabilistic contexts. (Konold, et al., 1993)
The Study
Subjects
Twenty one subjects participated in this case study:  twelve from Grade 
6,  six girls and six boys;  six from Grade 9, all boys;  and six from 
Grade 3, four girls and two boys.   Half of the students attended two 
semi-rural schools and the other half attended two suburban schools.  
The subjects were selected by their teachers as being representative of 
"average" students within their classes.  The subjects ranged in age 
from eight to fourteen years.
Materials
Two commercially manufactured, painted, wooden dice were used during 
the interviews.  One was painted red and the other blue.  The blue dice 
had been weighted and this produced a bias in favour of the number two. 
 The external appearance of the blue die remained very similar to the 
unmodified red die.
To provide a context for using the dice, a "Horse Race" game was 
designed in such a way that by playing the game a sample of dice tosses 
was created for each of the blue and red dice.  The game board that 
accompanied the game had six columns each ten squares in length.
During the interviews a series of graphs consisting of a set of six 
graphs representing the data collected from tossing six different dice 
sixty times each was used.  Each graph was coloured to correspond with 
the colour of the die, i.e., a green die, a pink die, etc.  None of the 
graphs represented either of the two dice that had been used during the 
game.  Subsequently, students were shown three more sets of graphs 
representing the tossing of the same six dice 360 times, 600 times and 
12 000 times.  The scale of the graphs for 60, 360 and 600 trials was 
consistent but was altered for the 12 000 trials.  The data presented 
in the graphs were produced using Prob Sim© (1992) where three of the 
dice were fair and three of the dice were unfair.  The data were 
selected to show a range of samples of 60 trials where one was fair and 



looked fair, two were fair but looked unfair, one was unfair but looked 
fair, and two were unfair and looked unfair.  See Appendix A for a 
complete set of the series of graphs.
The last graph, which was not part of the series, depicted the results 
from a die that had produced an equal number of outcomes for each 

number on the die.  Grid paper was provided for subjects when they were 
asked to produce their own representations of data.
Interviews
Interviews were conducted with subjects over a 45-minute period and 
these were videotaped for later analysis.  Each session commenced with 
a stimulus activity, playing the simple dice game "Horse Race" which 
involved the student and interviewer.  As the game progressed students 
recorded outcomes with concrete materials, producing data to which the 
interviewer could refer when asking questions about the outcomes that 
the students would expect from a fair dice (see Appendix B).  Initially 
the game was played between the interviewer and the students, with the 
interviewer taking the biased die; but after two games the student was 
offered the choice of the red or the blue (unfair) die.
The game had produced graphical representations of data and this led 
naturally into the second stage of the interview which used the 
prepared graphs.  After discussing the students’ understanding of 
fairness they were presented with the graphs representing sixty trials 
performed with six different dice.  The students were asked to decide 
if the dice were fair, unfair or if they were not sure.  After they had 
made their decisions about the six dice from graphs of sixty trials 
they were then asked what other information would they need to be 
certain of their decisions.  A similar procedure was followed for 
graphs of 360 trials, 600 trials and 12000 trials.
The final graph viewed by the students showed exactly equal outcomes 
for each of the numbers 1 to 6 and the students were asked whether they 
thought this graph represented outcomes from a fair die.  The students 
then were asked to draw a graph of a fair die which had been thrown 
sixty times and to draw the graph of the same die if it had been thrown 
twice as many times.  Some of the students were also asked to draw a 
graph of an unfair die.
Analysis
The focus of this paper is on Grade 6 students, however data related to 
the performance of Grade 3 students and Grade 9 students were also 
collected.  This was done to enhance our understanding of the range of 
conceptual development of fairness and make possible an examination of 
what might be distinctly different about Grade 6.  Responses from all 
three grade levels will be used as appropriate.
Data were collated from several aspects of the interview to provide a 
comprehensive perspective of students' understanding of the concept of 
fair.  After playing the board game students were asked to explain 
their understanding of fair in relation to tossing the die.  In 
addition, while playing the "Horse Race" game comments were made by 
students in relation to the fairness of the dice which provided 



evidence of their understanding of the concept.  Students were also 
asked how they could determine whether or not a die was fair.  Their 
understandings of fair were further illustrated by the students' 
judgements about the graphs of outcomes from tossing dice.  Finally 
understandings were demonstrated when they drew their own 
representations of a fair die or an unfair die.  In presenting the 
results some quotations from students will be used but in the main the 
students' comments have been paraphrased.
Results
The theoretical model described previously was used as a framework for 
analysis of the remarks combined from all aspects of the interview.  In 
this section these will be discussed under the sub-headings of ikonic, 
first cycle concrete symbolic, second cycle concrete symbolic and 
formal modes.  Ikonic support will be identified for concrete symbolic 
responses at each level in which it occurs.
Ikonic mode
Within the responses that were categorised as ikonic three levels were 
identified.  A unistructural response was given by a Grade 3 girl while 
determining whether the dice were fair from examining the graphs 

depicting outcomes from dice:
All the dice in the whole wide world are fair!
This response is significant in that for this child it rendered useless 
any question of whether or not a die is fair because of her belief 
there were no unfair die.
At a multistructural level the responses contained two or more 
connected beliefs or intuitions.  A Grade 6 boy said that a die that 
was fair for him in a game would not necessarily be fair for his 
opponent and vice versa.  This student was considering two perspectives 
and this is what differentiates this response from the previous 
unistructural response.
The relational responses within the ikonic mode were associated with 
past experience of dice, games and the rules of games.  Students 
appeared to be drawing conclusions based on a variety of personal 
experiences.
Sometimes it isn't fair when you want a number and you don't get it but 
at another time you might want a different number.
Grade 3
In some games the six is the worst number to roll.
Grade 3
Responses within this classification also related to the belief that 
some numbers come up more often than other numbers.
2 and 6 are the numbers that usually come up.  We’ve tested dice a lot 
in class.
Grade 6
Concrete symbolic mode - first cycle
The transition from ikonic responses to unistructural responses in the 
first cycle of the concrete symbolic mode is characterised by a shift 
from beliefs and views held from experience in the past to an attention 



on the present situation.  When students were asked how they would 
determine if a die were fair many of them attended to the physical 
characteristics of the die.
There aren't any chunks out of it.
Grade 3
The bits missing where the dots are might make it unfair.
Grade 3
Other responses classified in this category related to the way that the 
die is rolled.
A fair dice is one that is rolled properly.
Grade 9
It is how you roll the dice.  Like this see.  You start with a six and 
you get a six.
Grade 6
It is also the way that you roll it.
Grade 6
It is still fair.  It is probably the way they rolled it that green [4] 
keeps getting higher [referring to graph of "green die- 360 trials" in 
Appendix A].
Grade 3
You can make a dice unfair by the way that you throw it - if a number 
is held like this [upper most in the hand] and then you roll it like 
this.  Then it will mostly come up on that number.   [Tested out the 
theory but it didn’t work.]
Grade 6
Students who connected several of the unistructural ideas which were 
related to physical characteristics of the dice were considered to have 
responded at a multistructural level.  The responses from these 
students showed a greater level of sophistication because there was a 
consistent theme to their reasoning.
All the sides must be equal because if they took a big chunk out of one 
side then it would come up with that number because it would be lighter 
on that side.

Grade 3
If all the numbers are there and the edges are all even then the dice 
is fair.
Grade 6
Many of the alternative or incomplete conceptualisations of fair appear 
within the first cycle of the concrete symbolic mode.  Some students 
displaying this level of cognition were selecting particular outcomes 
from each sample and comparing these across the two samples.  See 
figure 1 which depicts the outcomes from the blue and red die after the 
completion of a "Horse Race" game.  The following comments were made 
when students were comparing the samples produced by the two dice after 
playing the Horse Race game:
The dice are fair because they have about the same amount of each 
number.
Grade 3



The fives look about the same for both dice and so do the ones.
Grade 6
One is the fairest of them all [comparing the number of times one came 
up on the blue and red die]
Grade 6

Figure 1

Other students compared the outcomes within a sample from a single die 
when looking at the graphs.
This dice is fair because the 1 and 2 are fair and the 3, 4, 5 & 6 are 
all fair [student is referring to the graph of "pink die - 600 trials" 
in Appendix A].
Grade 6
This one is unfair sort of.  [Long pause while pondering].  It's harder 
to decide 'cause there's two of them [student is referring to the graph 
of "pink die - 600 trials" in Appendix A].  ......  If three numbers 
were higher then it would be a bit more fair..
Grade 9
Some students encountered conflict at this level.  There appeared to be 
a strongly held view that the dice were fair; this however interfered 
with their judgement when they were presented with a sample from a die 
where one number came up more often than other numbers.  This led to a 
decision that a die could be both fair and unfair at the same time.
Fair in one way but not in another way.  Basically really fair but it 
isn’t fair for the four [student is referring to the graph of "green 
die - 360 trials" in Appendix A].
Grade 6
This one looks pretty fair except for the two [student is referring to 
the results of the game].
Grade 6
These responses are multistructural with ikonic support in the form of 
a belief that dice are fair.  This belief together with a valuing of 
some numbers over others also led to responses which judged a die to be 
partially fair.
Pink is a bit unfair because 1 and 2 are up but 3, 4, 5 & 6 are a bit 
fair.
Grade 6
An emerging understanding of sampling appears at the relational level 
of the first cycle of the concrete symbolic mode.  Responses at this 
level demonstrate a slight shift from the multistructural level in that 
there is an acknowledgment that a sample from a fair die may look 
unfair.
Looks pretty unfair but they could be fair.
Grade 6

 Several Grade 6 students in grappling with the notion of trials 



 suggested that the game could be played over and over again to see if 
 the dice were fair.  These were also considered relational responses in 
 that they were constructing a scheme by which fairness could be 
 determined.
Concrete symbolic mode - second cycle
It is the lack of a more explicit explanation of trialing which 
differentiates the first cycle relational level responses from the 
second cycle unistructural level responses in the concrete symbolic 
mode.  At the higher level students described the process of trials 
easily, demonstrating a consolidated idea of using a sampling process 
to determine fairness.
Keep rolling them and put tally marks.  Roll about 30 times.
Grade 6
Try rolling the dice 100 times and seeing if they are fair.
Grade 9
At the second cycle multistructural level the students considered two 
or more samples in their judgement of the die.  The following response 
describes compensating outcomes in two different sets of results from 
playing the Horse Race game.
I think the dice are fair because they didn’t roll up the same numbers. 
 ‘Cause look at six.  Here I nearly got to the finish line and here and 
I only got two spaces.  And the two here, I nearly got over the finish 
line and here I only got one.  So the dice are fairly fair. 
Grade 6

At this level although the student had just combined the results of two 
trials to produce evidence upon which to judge the die, when shown the 
graphs of increasing sample size later in the interview there was no 
recognition that a larger sample would provide more reliable 
information.  The understanding had hence not become relational and 
generally applicable.
Another example at the multistructural level of the second cycle 
occurred when students were asked to select only one sample from the 
set of graphs from different sized samples to use in determining 
whether a die was fair.  Some students selected on the basis of 
absolute difference in the number of outcomes rather than the ratio of 
outcomes and overlooked the total size of the sample.
I would choose this lot [student points to the data from 360 trials] 
because the differences aren't as great as for these  [student points 
to the data from 600 trials].
Grade 9
At the relational level the responses resolved conflict by considering 
trends across a number of samples.
This dice  is definitely  biased because these two numbers have been 
high for the last three lots of graphs. [Student points to the graph of 
the data from 600 trials of the pink dice.  See Appendix A]
Grade 9
This is thought to be a more considered response than the previous 
example because the student has observed an overall trend.  This is 
also more sophisticated than merely adding together the results of two 



trials which is a strategy used by one of the Grade 6 students after 
playing the game.
Formal mode
The formal operations mode of thought could be engaged in relation to 
the concept of fair but in the judgement of the researchers no formal 
responses were observed in these interviews.  The interviewer 
considered that the students would not have the experience nor 
vocabulary to provide such responses and hence did not frustrate 
students by forcing more complex conflict to be resolved.  To be 
categorised as formal, responses would have to include reference to 
distribution theory, combining trials and a sophisticated notion of 

randomisation.

Table 1.  SOLO levels for the concept of fair

Table 1 summarises the students' responses according to the SOLO modes 
and levels.  At an ikonic level the students relied upon personal 
experience and belief to judge whether or not a die was fair.  The 
U-M-R cycle within the ikonic mode classified responses which began 
with personal feelings and a view of the die as it related to them 
personally (U).  This was followed by a shift to a consideration of how 
others might view the die but still within a personal view of the die 
as it behaved relative to the one using the die (M).  Finally the 
responses referred to past experiences playing games or using dice (R). 
 These responses incorporated experiences of being expected to accept 
what appeared to be unfair because that was life and "sometimes you had 
to lose".
At the multistructural level of the first cycle in the concrete 
symbolic mode an interesting collection of alternative conceptual 
frameworks was identified as being used by students.  These became 
evident when students were struggling to decide whether results from 
tossing dice were sufficiently the same or different.  It was obvious 
that for most students this was the first time that they had been 
forced to consider the possibilities of dice being unfair and what this 
might look like.  This was significant in contributing to cognitive 
conflict and gave rise to three identifiable alternative 
conceptualisations.  The first was the notion of a die which could be 
both fair and unfair at the same time.  For example, it could be fair 
for some of the numbers on the die but it was unfair for another or 
others.  The second alternative conceptualisation also related to the 
die being both fair and unfair but this referred to separate occasions. 
 The die could be judged fair for one sample of tosses but on another 
occasion the same die would be unfair.  The third alternative 
conceptualisation was of a fairness continuum.  A die could be fairer 
than another but not as fair when compared to a third die.  This 



continuous property of fairness was also applied when comparing samples 
from the same die, i.e., this die is getting fairer or it is not as 
fair this time.
At the second U-M-R level the students began to use the idea of sample 
more effectively as a way of judging a die to be fair or unfair.  The 
observed constructions of this understanding became more structurally 
complex at each level and at the relational level an understanding 
based on concrete sampling experience was complete.  This understanding 
acknowledged increasing confidence with increasing sample size.
Discussion
Although this has been a case study of a relatively small sample of 
students which might limit the generalisability of the results, there 
are some interesting trends in the data which are consistent with the 
development of other probability and statistics concepts such as 
likelihood and sampling. (Watson, Collis & Moritz, 1995)  There appear 
to be two distinct themes in the conceptualisation of fair that have 
been identified following the analysis of the results of this study.  
Described concisely, there is the emerging understanding of what it 
means for a die to be fair and then an appreciation of the significance 
of sampling in determining if a die is fair.  At the relational level 
of the first cycle of the concrete symbolic mode there was an overlap 
in these conceptualisations when some students displayed more complex 
mathematical thinking when they suggested playing the game over and 
over to determine if the die were fair.  They appeared yet to have 
acquired the vocabulary to adequately describe their intentions in 

terms of sampling and trials.  The vocabulary was used with ease, 
however, by students at the unistructural level of the second cycle and 
above.
It was interesting to observe that most students in this case study 
were willing to accept that a die was fair in the face of strong 
evidence that the die was most probably biased.  Based on the students' 
explanations it is hypothesised that the students who appeared to have 
no experience or awareness of how a die could be made to be unfair 
could not reconcile two conflicting situations: (1) a belief that it is 
not possible to make a die behave unfairly and (2) an observation that 
this sample looks odd because, for example, you would not expect the 
"4" to come up that often.  Added to this is their experience of 
playing games and rolling dice which produce unequal outcomes even 
though the dice are known to be fair.  Hence the conclusion that many 
students reached was that the results of tossing the die looked strange 
but the die was probably fair.
An observation worth further investigation was related to the 
difference between interpretation of data and representation of data.  
In one respect the findings are consistent with those of Kahneman and 
Tversky (1972) who found that students adhere closely to a 
representative sample when asked to suggest a likely outcome.  In this 
case study this was evident when the students produced quite uniform 
graphs of a hypothetical sample from a fair die.  On the other hand the 



same students were also prepared to accept a wide variation in outcomes 
(a most unrepresentative sample) as representing the outcomes of a fair 
die.  This occurred when they were judging whether the dice was fair or 
unfair following the Horse Race game and again when judging die to be 
fair or unfair from the graphs of outcomes of trials.  Considering 
these observations together this would indicate that the students have 
an ability to think in the concrete symbolic mode however concurrently 
they have a need to accommodate ikonic intuitions which do not 
recognise the possibility that unfair dice exist.
Conclusion and Implications
Origins of the notion of fair are probably established in experiences 
with sharing and games played at home where parental explanations for 
losing would be designed to convince the child that the dice can come 
up with any results and that it is still fair and acceptable.  This, 
together with a lack of knowledge about the possibility that a die 
could be unfair or how that could be achieved, provides strong support 
for the development of alternative and incomplete conceptualisations of 
fairness.
There are implications for teaching which arise from this observation.  
Not only is it undesirable to ignore the students’ existing knowledge 
but the effectiveness of the teacher’s program is enhanced if the prior 
learning is acknowledged, challenged and built upon in the classroom.
The advantage of dice over other devices which could simulate probable 
outcomes is that most students have had experiences using dice and 
therefore they have already formed notions of the expected frequency of 
events when tossing dice.  This has important implications when 
relating the research to teaching because teachers are continually 
faced with the dilemma of introducing concepts to students while taking 
into account the prior learning and experiences that the students bring 
with them to the topic.  Here we have been able to identify some of the 
understandings and alternative conceptualisations that students have 
which may assist teachers in structuring appropriate experiences to 
challenge or extend understanding of probability.  And what better 
place to start than with the experiences of the students.
Although students’ understanding of fairness was shown to develop from 
Grade 3 to Grade 9, the Grade 6 students in this case study used many 
of the same alternative conceptualisations that were used by the Grade 
3 students and indeed the Grade 9 students.  Keeping in mind that these 
data come from a case study with a small sample size there were some 

generalisations that were noted.  The majority of the ikonic responses 
were from the Grade 3 students, the responses from Grade 6 students 
were predominantly within the first cycle of the concrete symbolic mode 
and the second cycle concrete symbolic responses were from Grade 9 
students.  The most significant difference between the Grade 6 students 
and the Grade 9 students was the emerging appreciation of the 
importance of sampling which was more evident for Grade 9 students.  
This observation needs further research because it may have important 
curriculum implications to the timing of the introduction of sampling 



ideas pertaining to fairness. 
A final concern is associated with the previously mentioned fact that 
the concept of fair as it relates to chance and data gets very little 
mention in A National Statement on Mathematics in Australian Schools 
(AEC, 1991) and none in the Mathematics - A curriculum profile for 
Australian schools (AEC, 1991).  These are the documents which are 
forming the foundation of mathematics curriculum in many parts of 
Australia.  If the adage that what is assessed is what is taught is 
true, and The Profile is the acknowledged framework for assessment, 
then there must be great concern that it is likely to be quite some 
time before the concept of fairness will be dealt with adequately in 
the chance and data curriculum.  This research indicates that educators 
cannot take for granted a full understanding of this concept:  it must 
be explicitly taught.
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Appendix A
The graphs reproduced here are computer generated versions of hand 
drawn graphs that were used during the interviews with students.  The 
graphs used with the students were coloured, mounted on poster paper 



and used the same scale for each set except for those of 12000 trials.
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