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The issue of how visualisation as well as other thinking processes can 
affect spatial problem solving was considered in a study involving 
students in Years 2 and 4 in primary school.  The students undertook 
two-dimensional problem-solving activities during 11 sessions over a 
six week period.  Different samples of students were taken as the 
qualitative study progressed, as categories were developed, as 
interactions between categories were noted, and then as the 
descriptions of problem solving were checked.  From the students' 
behaviour, including stimulated recall, certain cognitive processes 
were inferred.  Each incident in a problem-solving episode was coded in 
subcategories of each of the following:  (a) manipulation and 
perception of concrete materials, (b) student-student and 
student-teacher interaction, (c) heuristics processing, (d) imagery 
(visualisation), (e) affective processes and (f) conceptual processing. 
 More than 120 problem-solving sessions were analysed.  A further six 
classrooms from different areas were then used to check the 
"story-line."
The analysis of the video-recorded data shows that visualisation was a 
 major influence on the manipulation and perception of materials on the 
 table.  Visualisation tended to be important in the initial stages of 
 the problem solving and at later stages where a change in approach to 
 the problem was needed.  Different types of visualisation were involved 
 especially for different problems by different students.  As problem 
 solving continued the imagery seemed to be supported by a concept.  

Innovative Approach to Research on Visualisation

Comparison with Previous Research
Most of the literature on spatial thinking processes has related to 
 spatial abilities and these have been defined in terms of psychological 
 constructs such as mental rotation, different perspective or 
 orientation, spatial relations and hidden figures (see Eliot, 1987, for 
 a comprehensive review of the literature; Owens, 1993).  The current 
 study considered these in terms of the classroom activities usually 
 undertaken by primary school students in which they manipulate concrete 
 representations of shapes.  The term spatio-mathematical tasks is 
 employed to distinguish the tasks involved in the present study and 
 those usually reported in the literature.  For example, rotation of 
 shapes as opposed to flipping shapes, was not emphasised in noting 
 equivalence because children may do either action in checking features 
 of shapes.  The term, spatial thinking processes was used to allow for 
 the use of conceptualisations in spatial thinking as well as skills or 



 spatial abilities as traditionally defined (Shepard & Feng, 1972; Eliot 
 & Smith, 1984; Thurstone & Thurstone, 1941).
A variety of procedures have been used to access and assess children's 
 spatial thinking processes.  These have included introspection 
 (Krutetskii, 1976), retrospection (Burden & Coulson, 1981; Suwarsono, 
 1982), observation and interview (Mansfield & Scott, 1990; Wheatley & 
 Cobb, 1990), administration of spatial ability tests including those 
 that involve reaction time measures and eye fixations (Just & 
 Carpenter, 1985; Shepard & Metzler, 1971), statistical analyses that 
 relate test results to independent variables such as age (Poltrock & 
 Brown, 1984; Rosser, Lane, & Mazzeo, 1988), and responses to computer 
 simulations (Aust, 1989; Kosslyn, 1981).  The current study involves 
 retrospective comment and observation and interview in the classroom in 

 addition to checking that a series of spatial problem-solving 
 activities did improve spatial thinking processes.
Although the methods used in the more sophisticated psychological 
 studies may appear to yield better generalisability and insight into 
 the way children solve problems, it is argued that there are still 
 problems with the validity of the tests, the suitability of tests for 
 subjects, and the availability of equipment.  Also, sample sizes have 
 tended to be small (as in Just and Carpenter's 1976 study), and there 
 has been a lack of agreement on the underlying theories. 
Reaction time studies are reliant on the underlying theory for 
 interpretation (Gleeson, 1982; Shepard & Metzler, 1971).  So, for 
 example, the reaction time could be indicative of mental rotation, 
 number of analytical steps (Izard, 1989), or degree of difficulty of 
 the test item.  In addition, reaction time studies seem to indicate 
 that, although cognitive processing does occur in group interactions, 
 affective factors and short attention spans are likely to influence 
 reaction time significantly when children are young and working in 
 groups or in classrooms.  Therefore, reaction time methods do not seem 
 to be appropriate for measuring cognitive processes or stimulus 
 difficulty, except in laboratory/individual situations.  However, 
 thinking time, especially when a student is finding it difficult to 
 proceed with a problem, can indicate a significant step in the 
 problem-solving process and, for this reason, should be noted.  Another 
 assessment method, modelling perceptual sequences, is not warranted 
 because of the short imagery sequencing used by younger children.
In addition to measuring spatial abilities some studies have compared 
 the use of visual imagery to the use of analytical or verbal processes 
 in general mathematical problem solving (for example, Burden & Coulson, 
 1981; Fennema & Tartre, 1987; Suwarsono, 1981).  All these studies 
 relied heavily on classical statistical analyses to indicate 
 relationships between variables such as problem-solving success 
 (Suwarsono, 1981), teaching methodology (Rowe, 1982), gender (Fennema & 
 Tartre, 1985; Johnstone & Meade, 1987; Wattanawaha & Clements, 1981), 
 use of imagery (Suwarsono, 1981), and spatial/verbal abilities 
 (Suwasono, 1981; Fennema & Tartre, 1985).  The purpose of the present 



 study was to consider whether spatio-mathematical tasks were likely to 
 improve spatial thinking processes but also to consider how visual 
 imagery was used in spatial problem solving.  In order to answer the 
 second question, a qualitative study was used.

Features of the Present Study
Young students (Years 2 and 4 in primary school) were engaged in the 
 tasks.  Retrospective data on imagery had not been previously obtained 
 from such young students and few studies (Mansfield & Scott, 1990; 
 Piaget, 1956; Wheatley & Cobb, 1990) had used observational data 
 extensively.  
The analysis of the literature carried out by the writer as a precursor 
 to designing the present study influenced the writer to include a 
 number of important features which otherwise might have been neglected. 
  The following points, some of them pointing to differences between the 
 present study and those reviewed, were particularly noted:
1.Most of the earlier studies involved either secondary or tertiary 
 students.  The level of difficulty of problems was high and often 
 involved three-dimensional space.  The present study required a test 
 and tasks suitable for younger students.  For this reason 
 two-dimensional shapes were considered as some analysis was expected.
2.There is a distinct lack of research on children's thinking about 
 two-dimensional spatial mathematics in primary schools.  The studies by 
 Del Grande (1992) and Smith and Schroeder (1979) provided exceptions to 
 this statement but these studies were of the quasi-experimental and 
 experimental type respectively and mainly used quantitative analyses.
3.By comparison with some other studies, the number of subjects 

 involved in the present study was large.  The number of concepts 
 considered by the students was also large (ranging from shape concepts 
 to angles and symmetry and other shape attributes).  Some studies into 
 the thought processes of primary school children have used interviews 
 and detailed protocol analysis but, in these studies, very few children 
 have been involved (see, for example, Wheatley & Cobb, 1990; Mansfield 
 & Scott, 1990).  When larger numbers of primary school children have 
 been used, much of the analysis has been based on responses to 
 pencil-and-paper tests (Johnston & Meade, 1987), and there has been no 
 systematic attempt at careful qualitative analyses of the effects of 
 classroom environments and programs on thought processes related to 
 spatio-mathematical problem solving.  
4.Years 2 and 4 appear to be at the boundaries for most students moving 
 from intuitive to more operational and analytical thinking and are, 
 therefore, ideal years for observing change and differences.  This 
 period of transition is described differently by different authors, as 
 the change from the recognition level to the analysis level (van Hiele, 
 1986), the transition period between preoperational and concrete 
 operational levels (terms from Piaget & Inhelder, 1956), or at the 
 unistructural concrete symbolic level (Pegg & Davey, 1989).  
5.While the present study set out to investigate the effects of a 



 series of learning experiences involving two-dimensional space on 
 children's spatial thinking processes, the literature review indicated 
 that classroom interactions, school year, and gender could also be 
 considered as important in spatial thinking processes and, for this 
 reason, these variables were taken into consideration in designing the 
 quantitative study.  
6.Furthermore, it seemed important to use not only a quantitative 
 methodology to investigate whether or not the learning experiences had 
 an effect but also to investigate how children's thinking was 
 influenced by spatio-mathematical problems in the classroom.  For this 
 reason, a method based on careful observation of children in a 
 classroom environment would be likely to encourage a holistic 
 understanding of the learning processes.  However, the literature also 
 indicated that as much support as possible in the form of retrospective 
 comment should be gleaned from the children.

The Quantitative Study
An appropriate spatial thinking test (see Owens, 1992b) was developed 
 (using item difficulty and discrimination indices plus a Rasch 
 analysis), and a robust statistical design was adopted to investigate 
 whether a series of spatial learning experiences and other identified 
 variables, namely gender and year at school, affected students' spatial 
 thinking. 
The study involved an experimental matched groups design using this 
 test and indicated that a series of spatial problem solving activities 
 in the classroom improved spatial thinking as measured on the delayed 
 posttest of spatial thinking (Owens, 1992a).  The test also provided 
 items for retrospective interview of 18 individual children.
Earlier studies had set out to check a theory, generally about a 
 particular spatial ability (for example, Del Grande, 1987; Fennema & 
 Tartre, 1985; Johnston & Meade, 1987; see also Baenninger & Newcombe, 
 1989).  By contrast, descriptive and inferential statistics played only 
 a part in interpreting the data collected in the study.  Unlike 
 previous studies, this study concentrated on the cognitive processes 
 used by students during spatial problem solving in classrooms and 
 sought to establish categories for describing the processes.  The 
 descriptions were checked to see that they held for other samples of 
 students.  

Research Issues in the Qualitative Study
There were two research issues that were addressed by this study on 

 visualisation.  The first was how one could satisfactorily investigate 
 processes occurring inside the head of young students who were solving 
 spatio-mathematical problems.  The second issue was how one could 
 develop a qualitative study which satisfactorily investigated how young 
 students solve spatio-mathematical problems in classrooms.  
Spatial thinking is a mental activity and, as such, is not easily 
 studied.  The review of the literature relevant to this issue indicated 



 that retrospective comment was a reasonable approach for studying the 
 use of visual imagery (see Owens, 1990a, 1990b) by adults.  It was 
 found, however, that it was necessary to supplement this data with 
 observational records when young students were involved.  
Several concerns were specifically noted:
1.Retrospection techniques for data gathering require controls at both 
 the data collecting and data analysis stages in order to achieve 
 reliability and validity.  
2.Observations are interpreted and understood in terms of the 
 theoretical position of the researcher.  However, this background 
 should not limit the importance of unexpected results.  Categories were 
 developed to assist data collection and the categories and 
 relationships which were conjectured were further tested and modified 
 in new situations.  
3.The use of novel problems which use concrete materials generate 
 better quality retrospection data.  The use of small groups of children 
 encourages children to talk freely and comment during the activities 
 and during video-replay.  
4.To some extent observation supports and is supported by verbal 
 reports, but both methods of data collection provide their own forms of 
 data.  
5.Counts of examples of categories and connections between categories 
 formed the basis of conjectures arising from patterns of behaviour or 
 cognitive processes.
Significance of Using Observational and Interview Data for Assessing 
 Process
The use of observational and interview techniques seems to be pertinent 
 considering the recent emphasis on alternative assessment procedures in 
 mathematics education and the importance of drawing inference from 
 classroom observations (Clarke, 1989; Australian Education Council, 
 1993; Stenmark, 1988).  Indeed, the use of visualisation in mathematics 
 is an important component of mathematical thinking and spatial 
 mathematics (see, for example, Australian Education Council, 1990).  

Procedure for the Qualitative Study

The procedure involved selecting students in different samples, 
 video-recording these students solving different spatial mathematics 
 problems with concrete materials, describing incidents in the students' 
 process of solving the problems, aligning these incidents with 
 specified categories and subcategories, and following a grounded-theory 
 approach to developing a "story-line" (Strauss & Corbin, 1990).
A computer spreadsheet was used to record the descriptions of each 
 incident and to record categories.  These could be used for searching 
 for patterns and for crosstabulations.  The computer techniques were 
 most valuable in assisting the research process.
Several samples of students were selected from different situations (as 
 recommended by Strauss & Corbin, 1990) in order to explore and validate 
 different aspects of spatial learning.  



Stage 1.  Data were obtained from two groups: (a) 52 adults who 
 commented on their thinking both as they worked through the problems 
 and immediately afterwards; and (b) 13 children who worked alone on the 
 spatial problems with minimal intervention from any other person.  From 
 this data, categories and subcategories were developed to form the 

 basis for analysing the data obtained in the next stage.  
Stage 2.  There were two samples:  (a) 12 students who worked in groups 
 of three (two groups from Year 2 and two from Year 4), and who were 
 asked how they were thinking immediately after working on each spatial 
 problem (video-playback and oral reference to incidents were used to 
 stimulate recall); and (b) 167 children (77 in Year 2 and 90 in Year 4) 
 in six primary classrooms in Australia.  The children were matched by 
 school, year, class, and pretest score and randomly allocated to either 
 a group in which students worked individually near others or to a group 
 in which students worked in small cooperative groups.  Analysis of data 
 led to the development of a model and descriptions of aspects of 
 learning through problem solving.  These descriptions suggested 
 relationships between the categories of thinking processes which had 
 been identified.
Stage 3.  The "story-line" (Strauss & Corbin, 1990) was checked by 
 using two further samples: (a) 180 students in Grades 2 and 4 in Papua 
 New Guinea who were placed into either the individual or group learning 
 situation, and (b) 54 students (Year 2 and Year 4) from another region 
 in Sydney who were matched and randomly allocated to the different 
 groups.  
In stage 2 over 120 video-taped sessions were analysed.  Each 
 problem-solving session was considered as a series of incidents.  An 
 incident was defined as a relatively short period of time during which 
 actions, expressions, or discourse changed as a result, it seemed, of 
 changes in cognitive processing and interactions with people or 
 materials.  For each incident, students' spoken comments and 
 observations of their actions and expressions were recorded and coded 
 in terms of the defined categories and subcategories.  The categories 
 covered interactions between the students and the teacher, the use of 
 concrete materials, and the cognitive processes suggested by the 
 actions, words, and expressions of the students.  These processes 
 included affective processes (such as feelings), heuristics (such as 
 tactics and decisions about progress in solving the problem), the use 
 of concepts (such as what parts distinguish a particular shape), and 
 the use of visual imagery (Owens, 1990, 1992a, 1992c).  Conjectures 
 were made about how the various categories seemed to interact.  From 
 cross-tabulations of subcategories, from "immersion" in the data, and 
 from deliberate attempts to look for links and to check these links 
 (Strauss & Corbin, 1990), patterns of relationships between 
 subcategories were developed.  
Four other researchers also observed some of the video-tapes and 
 classified incidents in order to improve the classification process.  
 Where differences in subcategory classification occurred, discussion 



 took place until stronger bases for classification and for development 
 of a problem-solving story-line were established (Strauss & Corbin, 
 1990).  Throughout the study, links were being made with the literature 
 on visual imagery and problem solving.  
The investigation generated a model which encapsulated students' 
 thinking processes and their responsiveness during spatial tasks.  

General Results

The model represented in Figure 1 emphasises students' active 
 construction of meaning and highlights cognitive processes that are 
 similar to those noted by Osborne and Wittrock (1983), namely:  (a) 
 selective attention, (b) perception, (c) testing, and (d) memory stores 
 of images, episodes, propositions, and skills.  

Figure 3.  Aspects of problem solving.

Discussion

There is no hierarchy of cognitive processes suggested by the present 
 model and this is the case also in Goldin's (1987) model.  Both models 
 are meant to suggest that, for mental representation in problem 
 solving, there is interaction between different non-hierarchical 
 "languages" (Goldin, 1987).  Goldin's model uses the languages:  (a) 
 imagistic, (b) formal notational, (c) heuristic and planning, and (d) 
 verbal/syntatical languages, whereas the model in Figure 3 assumes that 
 the term conceptualising is closely linked with verbal language.  
By contrast, Pirie and Kieren's (1991) model assumes there is a 
 hierarchy in the development of students' understanding (from rich 
 imagery to conceptualising, structuring and inventising) although their 
 notion of folding back recognises the need to return from levels such 
 as "formalised conceptualising" to earlier levels of thinking such as 
 "image making."  
These three models (by Osborne & Wittrock, Goldin, and Pirie & Kieren) 
 and the model presented in Figure 1 refer specifically to the role of 
 visual imagery.  Although the role of imagery and the place of 
 selective attention will be discussed later in this paper within the 
 context of students' responsiveness in problem solving, it should be 
 noted that the data pointed towards the process of visualising as 
 having a major influence on the idiosyncratic construction of meaning.  

Imagistic Processing

Discussion
Imagistic processing, or visualising, incorporates those mental 
 processes which make use of, or are characterised by, visual imagery, 



 visual memory, visual processing, visual relationships, visual 
 attention, and visual imagination (Hershkowitz, 1989).
The data from the study drew attention to the role of visual imagery in 
 reasoning.  Indeed, visual imagery was found to have a central 
 influence on the actions of the children.  This approach to visual 
 imagery and the role it plays in reasoning is consistent with the 
 theory of Lakoff (1987) and Johnson (1987).  "By taking imagination as 
 central, I [Johnson] see its structures as a massive, embodied complex 
 of meaning upon which conceptualization and propositional judgment 
 depend" (Johnson, 1987, p. 170).  Such a view suggests that visual 
 imagery plays a pivotal role in conceptual development and 
 clarification (Dîrfler, 1991; Mason, 1992).  In regard to mathematical 
 problem solving, Dreyfus (1991, p. 40) has argued that "visual 
 reasoning [should be] an acceptable practice of mathematics, alongside 
 and in combination with algebraic reasoning.  Kaufmann (1979) argued 
 that parallel spatial processing, together with mental transformations, 
 enhances problem solving more than the temporal sequential processing 
 of verbal processing.  
In the present study, the problem-solving tasks involved the use of 
 concrete materials which were found to assist the use and development 
 of imagery.  The manipulation of materials enabled students to "see" 
 where shapes might profitably be added or taken away, or to imagine, 
 for example, a grid on which pentomino shapes were superimposed.  The 
 tangram tasks, in particular, allowed children to engage in a range of 
 physical actions such as turning and flipping pieces, and matching 
 angles while fitting shapes together.  The making of shapes, the 
 comparing of angles, and the "finding" of shapes in the 
 designs-with-matches task seemed to improve the students' visualising.  
 The activities encouraged the students to disembed shapes and parts 
 from more complex shapes, to imagine where other shapes might be, to 
 isolate features of shapes such as angles and sides, and to consider 
 what might be the result of systematic changes to shapes or 
 configurations.  Students were further encouraged to use both 

 short-term and long-term visual memory in order to become more 
 efficient problem solvers.  Clearly manipulation of materials was 
 important in visualising, and problem solving.
Indeed, it was clear that the materials were essential aids for many 
 students in the sense that, without the materials, they would not have 
 obtained a reasonable solution.  For example, without the materials, 
 only simple outlines could have been imagined and drawn by the 
 students.  The high frequency of the deliberate manipulations and the 
 careful observing and checking of the pieces meant that the materials 
 were an integral part of the problem-solving exercise and a means by 
 which students could develop problem-solving strategies.
Two case studies will be given to illustrate how use of imagery was 
 important in different ways in problem solving.

Case Studies



Two students, Sam in Year 2 and Peter in Year 4, will be used to 
 indicate the variety of imagery that may be used.  Particular reference 
 will be made to one of the problem-solving tasks in which students were 
 required to make the shapes (outlines) of pattern blocks and tangram 
 pieces using matchsticks and longer pre-cut sticks.  This particular 
 task assisted students to carry out analyses of shapes and clarify 
 concepts linked to their imagery, including the size of angles between 
 the sides of shapes, and the area of shapes.  Other examples will be 
 used to illustrate the types of imagery that were apparent in their 
 problem solving.

Sam.  When Sam was making the outlines he was quick to be involved and 
 he liked to talk to his friends about what he was doing.  He seemed 
 confident but at times unsure.  He appeared to be conscious of his 
 difficulties when he compared the shapes he made with the shapes of the 
 pattern blocks and tangram pieces that were present in front of him.

1.01He begins by picking up the trapezium, thinks briefly, and puts it 
down as too hard, saying "mm."  He picks up a square.
1.02He makes a square, an equilateral triangle, and begins to make the 
outline of the hexagon.
1.03He carefully considers the correct number of sides and the angle 
between the sides.  
1.04He places five matches, says "mmm," and chooses a stick to fill the 
gap but then adjusts the overall shape and replaces it with a match.  
"There."
1.05He uses the longer sticks to make the larger right-angled isosceles 
triangle placing a match with a stick for the longer side.  He adjusts 
the sides, trying matches and sticks until he is happy.  He looks 
around smiling.  He uses a similar method with the trapezium.  He puts 
a long stick at the top, an appropriately sloping match on each side, 
and two matches on the base, and then tries a stick and match for the 
base.  "Mmm."  He begins the parallelogram with four sticks.
1.06He glances at his friends.  He is quieter and his progress is 
slower. He tries the rhombus, makes it, works on the parallelogram 
again, and then returns to improve the rhombus and to make the other 
rhombus.  
1.07The teacher asks him what he knows about the parallelogram.  He 
says in an off-handed way, "I don't know."  (This was a common response 
from Sam when he was asked how he was thinking when video-tapes of him 
working were played back to him.)  
1.08The teacher asks Sam what he knows about the rhombus and he says 
hesitantly, "Same sides."  
1.09He returns to the parallelogram and tries two matches on all sides, 
and when the teacher points out they are the same, he removes a match 
and replaces it with a stick but only on one side.  He tries pushing 
the shape into the shape he wants but continues having difficulty and 

the teacher helps him.  



Peter.  Peter had made several outlines including the trapezium when he 
 attempted to make the parallelogram.  With clear intention, he 
 transformed the trapezium to form a parallelogram by sliding one 
 parallel side along and swinging the lateral match across to meet it 
 (see Figure 2).  
Later, when he was experiencing difficulty in making a hexagonal 
 outline with matches, he commented, "I know, I'll make it like the 
 other day," and he proceeded to add one triangle next to the other as 
 he had done with the designs-with-matches problem (see Figure 2).  Each 
 of these incidents will be further discussed under variations in types 
 of imagery.

Dynamic imageryPattern imagery
Figure 2.  Examples of dynamic and pattern imagery.
Use of Imagery
Often comments and actions by the children in the present study 
 suggested that they were making use of visual imagery.  In fact, overt 
 behaviour and language suggested that visual imagery was being used 
 from about 30% to about 81% of the incidents associated with each of 11 
 different problem-solving activities.  Table 1 presents results for the 
 outline activity.  Clearly, the spatial problem-solving experiences 
 encouraged active imagining and reasoning.

Table 1
Percentage of Incidents Involving Different Types of Visual Imagery

Total Incidents involving Use of different types of imagery
numberimagery as % as % of incidents
Activityof of total no.involving imagery
incidentsof incidentsConcreteDynamicActionEpisodicPattern Procedural

Shapes with sticks1358145265240

Note.  Examples of types of imagery are given below.

Imagery and Problem Solving
Several times we see that Sam was juggling the total shape as if he was 
 dependent on a global image (para. 1.04, 1.05, and 1.09).  He used a 



 holistic "overall look" when making decisions.  However, his imagery, 
 despite what seems to have been a dominance of concrete, holistic 
 imagery, gave him a place to start (para. 1.02, 1.03, and 1.05) and a 
 means of correcting his work (para. 1.05).  Imagery assisted him as he 
 continued to respond (para. 1.05) and he showed skill in getting sides 
 with the correct slope (para. 1.03, 1.04).  Sam responded by 
 interacting with those around him by frequently commenting on his work 
 and by showing his interest (para. 1.02).  While successes encouraged 
 him to continue (para. 1.02), lack of success not only discouraged him 
 (para. 1.06), but also led him to look at his friends' work for ideas; 
 this gave him a way of succeeding in the problem situation.  In 

 addition, his responsiveness reflected his tendency towards 
 self-assessment as can be seen in his choice of a shape with which to 
 start (para. 1.02), in his recognition of success (para. 1.04 and 
 1.05), and in his recognition of his lack of success with the 
 parallelogram (para. 1.06, 1.07, and 1.09).
At the start of the problem, Sam considered the trapezium but, not 
 having a way to start, turned to the square (para. 1.01).  On several 
 occasions, orientation heuristics are needed, namely what really is 
 required to make the shape.  After making outlines for several 
 pattern-block shapes, Sam made the decision that he needed to use the 
 long sticks to make the outline of the tangram shapes because these 
 shapes were bigger than the pattern-block shapes (para. 1.05).  At the 
 same time, he also realised that using matches and sticks could change 
 the length of sides in order to make the overall shape look more 
 correct.  His problem then became how to reconcile both approaches.  
The orientation stage in the problem-solving process was longer for 
 some students than it was for others, and it did not always occur when 
 a student began working on a problem.  For example, Sam who had been 
 uncomfortable with the task of making a trapezium decided to start by 
 making shapes that he found easy to make, and returned later to the 
 task of making a trapezium.  At this later stage, he really faced the 
 problem of what was involved in making outlines for shapes (para. 
 1.05).  Sam clearly identifies the "slope" (angle) between sides (1.03) 
 and length of sides.  His solution heuristics consisted of using these 
 images and concepts.  
The fact that each problem had several parts meant that each student 
 could do some part of the work and feel successful.  The pentomino 
 problem was more open-ended than the shapes-with-sticks problem in 
 which the shapes to be made were present in front of the students.  In 
 Sam's case, this external referent tended to discourage him.

Variation in Visual Imagery
Different types of imagery seem to have been used.  The categories 
 suggested by Presmeg (1986) were modified in order that the present 
 study's data might be more readily explained or interpreted.  Such 
 categorisation appears to be a tool for drawing attention to the 
 diversity, richness, and use of visual imagery rather than to provide a 



 clear model of types of imagery.
Concrete Imagery.  Perhaps the most rudimentary form of imagery is that 
 of a concrete picture, that is to say a holistic image that has parts 
 only to the extent that they are parts of an everyday object or 
 picture.  Students using this form of imagery tended to recognise the 
 whole shape easily but did not always recognise shapes when they were 
 partially made except if they were pictorial.  
Concrete imagery can be important as a basis for beginning problems, 
 for developing tactics for solving the problem, for remembering shapes, 
 and for checking work.  Sam's case provides a good example of each of 
 these.)  Concrete, pictorial imagery can be used by students in 
 estimating sizes and in creating, recognising, and naming shapes.  
When Sam was making the shape of the trapezium and the parallelogram, 
 his use of global concrete imagery was insufficient for him to analyse 
 the shapes adequately.  One could see him pushing the pieces as if he 
 was trying to get the pieces into place so the configuration matched 
 his image.  Although Sam's imagery was sufficient for him to recognise 
 the adequacy of most of his constructed shapes, the use of global 
 concrete imagery generally did not enable him (and other students who 
 used concrete imagery) to recognise a lack of proportionality while 
 making a trapezium or a parallelogram that was not similar to the given 
 shape.
Dynamic Imagery.  In dynamic imagery (Presmeg, 1986), shapes are 
 changed into new related shapes.  For example, a point or a side can 
 move to create other shapes such as other kinds of triangles.  Peter 

 transformed the trapezium into a parallelogram holding certain features 
 of the shape the same, namely the parallel sides and lengths of sides.  
 Such a transformation suggests the use of dynamic imagery.
In another activity, that of enlarging the shapes of the pattern 
 blocks, Sam made an irregular, symmetrical hexagon, and he said, "It 
 looks a bit like a square . . . it is unstraight" (Figure 2).  It is as 
 if he sees the sides of a square pulled out to form new points.
In the past, many teachers have regarded a description of a rhombus as 
 a "pushed-over square" as inadequate, but this study suggests that 
 students who make such comments have made connections between images.  
 Squares and rhombi do have some properties that are the same.  
 Similarly, the extension of a square to make a non-square rectangle 
 maintains some properties and deliberately changes others.  When 
 students plan dynamic transformations of this kind they are using 
 dynamic imagery and demonstrating an awareness of the essential 
 defining characteristics of certain shape-related concepts.  
Dynamic visual imagery may be an important step in extending 
 prototypical images and concepts.  For example, any triangle can be 
 imaged as the result of moving the vertices of an equilateral triangle 
 to other positions.  Dynamic imagery is a means of linking different 
 concrete images to the one concept and of linking different concepts.
Pattern Imagery.  Pattern imagery can be regarded as a concrete image 
 but there is a conscious recognition of some of the properties of the 



 concrete image.  Peter, for example, noted the repetition of triangles 
 to form the hexagon and the repetition of the slope or angle between 
 sides.  Sam, after making one rhombus, repeated the same pattern to 
 make the second rhombus (Figure 2).
Pattern imagery connects visual images and abstract conceptualisations. 
  For example, a large triangle may be seen as a composite of four small 
 triangles, and a square as a shape which has the same kind of angle at 
 each vertex.  Seeing, looking for, and describing patterns are basic 
 forms of mathematical thinking, and this study suggests that 
 spatio-mathematical problem-solving tasks can assist in developing 
 these rich concept images.  
Presmeg (1986) illustrated her meaning of the term pattern imagery with 
 symbolic and numeral patterns.  In the present study, however, the 
 concept of pattern imagery was extended to cover examples in the 
 spatial arena for students who were younger than those involved in 
 Presmeg's study.
Pattern imagery was not only an important means for students to 
 remember configurations and important features of configurations, but 
 it allowed students to abstract important notions.  For example, 
 patterns were a distinguishing feature of tessellations and of area 
 such as the area of a triangle being the composite of the smaller 
 similar triangular unit.  
Action imagery.  The students in the present study often became aware 
 of how pieces were to be joined or transformed for a particular purpose 
 but they generally did not know the whole procedure to make a specific 
 configuration.
Action imagery was the most common means by which the physical problems 
 in this study appeared to be solved.  This imagery provides the 
 processes that can be used creatively to solve problems.  This kind of 
 imagery has a strong emphasis on muscular activity; Presmeg (1986) 
 called it "kinaesthetic imagery."  
Procedural Imagery.  After students had made a shape they were usually 
 able to repeat the procedure of putting the pieces together to form the 
 composite shape.  The imagery associated with this kind of sequenced 
 action is reminiscent of the procedures suggested by Carpenter and Just 
 (1986) in their flow-chart diagrams and descriptions for recognising 
 shapes in rotated positions.
The development of procedural imagery, that is the systematic 
 sequencing of memorised action images, involves a high level of 

 thinking but once the procedure is automatised, then there is a 
 reduction in the level of thinking required.  (Hiebert & Lefevre, 
 1987).

Imagery and Concept Development
If, then, imagery provides for flexibility in thinking and if, as 
 Johnson (1987) and Lakoff (1987) state, creativity can be associated 
 with the connection of existing image schemata through metaphor then 
 there should be numerous examples of students connecting ideas in new 



 ways.  This was indeed the case. In each case imagery tended to guide 
 tactics, manipulations, and decisions during problem solving.  Imagery 
 was not primarily structured by propositions; rather the proposition 
 supported the image.  One reason for claiming this is that 
 verbalisations were not always technically adequate, suggesting that 
 only limited conceptualisation had occurred, while imagery, judging 
 from the students' actions, influenced responses and seemed to involve 
 at least perception of different parts of pieces.  
Conceptual development occurred when students made links (Johnston, 
 1987) by noticing features of shapes and describing them in terms of 
 the basic concepts of triangle (for example, Peter's hexagon) and 
 square (for example, Sam's unstraight square).  Concepts associated 
 with operations, or manipulations of the pieces such as joining 
 triangles to make hexagon were invoked particularly when action imagery 
 was being used.  It seemed that changes in imagery and in attention to 
 specific aspects of the imagery called for conceptual development.  
 Indeed, imagery seemed not only to assist these developments but also 
 guided tactics and manipulations.  
While imagery is necessarily individualistic, in the sense that an 
 image "resides" in a particular person's mind, it makes sense to say 
 that different people can have more or less common images in the same 
 way that we say people have a shared understanding of a concept.  For 
 instance, the images have developed partially from the use of the same 
 physical phenomena, bodily movements, and interactions.  
In the present study, discussions involving concepts and images 
 assisted the development and refinement of concepts and images. Some of 
 the primary school children, on noticing similarities and differences 
 in shapes, gave descriptions which noted partial equivalence.  This was 
 not necessarily a limitation in conceptualisation as Vurpillot (1979) 
 had suggested but, rather, the students began to make connections in 
 image schemata.  
Concept images may be static and indicate a limited conceptualisation, 
 but they may act metonymically for a concept emphasising certain 
 characteristics of the concept.  If concept images are embedded in 
 various visual and conceptual schema, they assist a sound 
 representation of the concept and provide a dynamic influence on a 
 person's approaches to a problem-solving task.  The development of 
 conceptual relationships may be assisted by the dynamic moving of 
 images of shapes into related shapes (for example, Sam's square into an 
 irregular hexagon).

Conclusion

Visual imagery was seemingly important in students noticing features of 
 shapes and in deciding how shapes could be used, and this helped the 
 students to form concepts related to the shapes.  Imagery became more 
 dynamic and abstract as they developed concepts; images "summarised" 
 concepts, events, and sequences of actions.
At different times and in different ways, each kind of imagery is 



 important and it seems wrong to regard one kind of imagery as at a 
 higher level than another.  Even concrete imagery can be complex, 
 especially if this imagery is interpreted as containing the skill of 

 disembedding shapes and parts; concrete objects or pictures can often 
 be imaged in two or more ways depending on past experiences and on 
 which aspects of the objects or pictures are taken account of and which 
 are ignored (Mulhall, 1990).
Imagery clearly influenced students' responsiveness and frequently 
 played a key role in determining how students selectively attended 
 during problem solving.
Students' deliberate actions, their responsiveness, and problem-solving 
 attempts, result from students (a) selectively attending to inputs and 
 to feedback from existing schema, and (b) making, using, changing, and 
 storing images, concepts, understandings, and schemas.  In so doing, 
 they developed meaning from their experiences.
The above description of learning through problem solving, emphasises 
 the role of visual imagery in establishing the meaning of the problem, 
 in channelling the problem-solving approaches of the students, and in 
 influencing students' cognitive constructions.  Although visual images 
 are of various kinds and are used in various ways, imagistic processes 
 are, nevertheless, extremely important in the problem-solving process.  
 Examples of dynamic and action imagery were given to indicate how 
 imagery influences the direction and structure of learning.  Visual 
 imagery and attention guide and contribute to the formation of 
 conceptual representations and personal mental models.  
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