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Results are reported of a study derived from 
examination of constructivism and related 
implications that language use is a key aspect of 
mathematics learning.  The nature and role of 
students' language use and in particular their use 
of symbols, technical and everyday language is 
examined.  Students received instruction in one of 
three approaches to teaching calculus: 
technique-oriented, concepts-first and 
infinitesimal instruction.  The potential impact of 
instruction on students' language use in relation 
to construction of conceptualizations is discussed.  
Students who received infinitesimal instruction 
used different symbols and technical terms than the 
other students.  They also displayed more 
integration of symbols, technical terms and 
everyday language, making use of notions related to 
infinitesimal closeness and infinite magnification 
of a curve.  Many students displayed procedural use 
of language as a technology by which to construct 
problem responses, but they did not generally use 
symbols to represent or think about calculus ideas.  
All students were able to use visual, physically 
oriented language to construct explanations and 
justifications.  Implications of these findings for 
future instruction and research are considered.

(Note:  For copies of the figures in the body of the 
text and the graphs of Appendix A, please contact the 
author at the address given at the end of this paper.)

Introduction
   Over the past decade constructivism has emerged as an 
important influence in mathematics education research.  As 
a model of knowledge in which learning is seen as an 
individual, evolutionary process constructivism has proven 
to be a valuable perspective from which to understand 
mathematics learning (Ernest, 1989).  In viewing



mathematics learning as an active, constructive endeavour 
by which individuals build up knowledge for themselves 
(Schuell, 1985; von Glasersfeld, 1987) constructivism has 
given researchers insights into learning phenomena such as:  
why students learn different things from the same 
instruction, why many students do not appear to learn by 
being given information and explanations and why students 
appear to develop misconceptions of concepts.
   In discussing social constructivist theory Ernest (1991) 
states that "human language, rules and agreement play a key 
role in establishing and justifying the truths of 
mathematics" (p.42).  Thus, according to Ernest, 
mathematical knowledge is grounded in:  (1) "linguistic 
knowledge, conventions and rules" (p.42),  (2) social 
processes by which an individual's internal, subjective 
knowledge is turned into external, objective knowledge, and  
(3) objectivity viewed as public, social acceptance rather 
than an inherent property of the content of knowledge.  
These features of social constructivism imply that 
mathematical knowledge is dependent upon social sharing of 
language and decisions pertaining to truth and validity.  
Further, as a consequence for mathematics education 
researchers, these features imply language use and ways of 
determining truth and validity are likely to be important 
components of mathematics learning.
   Historically, the relationship of language to learning has 
been a focus of much literature in psychology, linguistics 
and education (Gatherer, 1977).  Vygotsky (1962) suggests 
language and thought are related in that language is 
inextricably linked to the acquisition of concepts.  He 
says:
     
. . . the birth of a new concept is invariably 
foreshadowed by a more or less strained use of old 
linguistic material; the concept does not attain to 
individual and independent life until it has found 
a distinctive linguistic embodiment (p.74).

Bruner (1975) also views language as an instrument of 
thought.  He emphasizes the importance of "using" language, 
and argues that language and thought come together through 
"regulation of action".  Learning the meanings of words 
involves mastering "a set of component procedures relating 
to their use" (p.65).  Constructivist notions are in 
accordance with the views of Vygotsky and Bruner in that 
social constructivism highlights mastery of publicly shared 
language use, and the processes of assimilation and 



accommodation.
   Johnson (1987) also discusses the important role language 
plays in learning.  He explains linguistic meaning in terms 
of what he refers to as "image schemata".  Image schemata 
are structures of meaning arising from "perceptual 
interactions and bodily movements within our environment" 
(p.19).  Johnson explains image schemata through discussion 
of notions related to physical containment or boundedness, 
physical forces and physical balance.  For example, he 
describes how meanings of the term "balance" are connected 
to physical experiences of balance in that physical, bodily 
experiences of balance are found in understandings of such 
things as: "balanced personalities, balanced views, 
balanced systems, balanced equations, the balance of power, 
the balance of justice, and so on" (p.87).  The word 
"balance" is thereby used in a wide variety of domains 
because the domains "are structurally related by the same 
set of underlying schemata metaphorically elaborated" 
(p.96) from physical, bodily experience.  In the case of 
"balance" the underlying schemata is the bodily experience 
of equilibrium.  Equilibrium therefore serves as an 
underlying metaphor to interpret "balance" in other 
domains.
   Metaphor is also a focus of Pimm's (1987) discussions of 
the role language plays in learning.  His discussions are 
specifically in the context of mathematics learning.  He 
notes that, although metaphors guide the creation of

mathematical meanings by association of the less familiar 
with the more familiar, they are frequently associated with 
physical world interpretations that might not be consistent 
with the corresponding mathematical concept.  Examples of 
these associations include: "talking of expressions vanishing, functions 
obeying a rule or being well-behaved, the inheritance of mathematical 
properties or discovering mathematical laws" (p.95).  Subjective 
interpretations of these words are 
likely to vary greatly.  For example, "vanishing" could be 
interpreted as disappearing, being hidden, or no longer 
existing.  Mathematical "laws" might be interpreted as 
statements that have exceptions and can be broken.  These 
notions related to "laws" or "vanishing" are not 
necessarily congruent with each other or with the 
corresponding mathematical ideas.  Johnson's and Pimm's 
discussions both point to the importance learning of 
subjective interpretations of language and previous 
language and bodily experiences, aspects of learning that 
constructivist theory also highlights.
   Kaput (1979) also emphasizes how uses of mathematical terms 
and symbols are filled with physical notions.  He notes 



that although the origin of mathematical language is 
frequently neglected by mathematicians and educators it 
remains important in learning mathematics and he cites 
calculus as exemplary of this claim in that primary 
calculus concepts have been given meaning through a 
collection of motion ideas.  These motion ideas are 
reflected in both notation and terminology.  For example, 
the symbol for the concept of limit is given a motion 
connection using an arrow:
F(lim,xía)  f(x) = L.
The corresponding verbalization of this equation, "as  x  
approaches  a,  f(x)  approaches  L", uses the image-laden 
motion word "approaches".  Additionally, calculus is full 
of image-laden motion words such as converge, diverge, 
increasing, constant, and transformation.
   Kaput notes that formalization in calculus tends to neglect 
underlying ideas.  The ideas are replaced by such things as 
rigorous  e-d  definitions and proofs.  Kaput claims this replacement is

disastrous in the teaching of calculus because it neglects 
the process of creating connections between the formal, 
accepted mathematics knowledge universe and the human 
knowing universe.  That is, it fails to acknowledge the 
social and physical world context within which calculus was 
constructed and is currently learned and used.  Since 
social constructivism sees formal, objective mathematics as 
a product of public, social acceptance of subjective 
knowledge (Ernest, 1991), these creations of connections 
between formal mathematics language and individual, human 
experience and interpretations should be seen as vital 
components of mathematics learning.
   Another aspect of language and learning that is important 
in relation to constructivist theory is the role of 
natural, everyday language.  A prime reason for this 
importance is that a term for a mathematical concept that 
also exists in natural, everyday language carries with it a 
whole set of natural language meanings (Halliday, 1978).  
Hence, individual use and interpretation of everyday 
language are likely to figure prominently in mathematics 
learning.  The use of everyday language terms and meanings 
ascribed to specialized mathematical terminology and 
symbols should therefore be seen by mathematics educators 
as important aspects of the teaching and learning of 
mathematics.
    The research reported here was based on this last 
implication and on the previously mentioned notion that 
mathematical knowledge is dependent upon social sharing of 
language.  The parts of the investigation presented here 
focus on the nature and role of the language students use 



to interpret calculus concepts and problems.  More 
specifically, students' use of everyday language, symbols 
and technical mathematical language is examined.  The term 
technical language is used to refer to mathematical words 
accepted as proper and correct by the mathematics community 
at large.  Everyday language includes words and symbols

which are not recognized by the mathematics community for 
use in unambiguous mathematical discourse.  These words and 
symbols might or might not be mathematical in nature, and 
are often found in daily English language use.
    The research was derived from a constructivist perspective, 
but was also designed to test and refine constructivist 
theory in relation to mathematics learning.  In particular, 
since the usefulness of language use as an element of 
learning viewed from a constructivist perspective was 
examined, the study clarified and refined constructivist 
notions and techniques for studying student learning from a 
constructivist perspective.
    
Research Setting
   Since constructivism sees learning as a process of 
adaptation to one's experiential world, the instructional 
conditions of this world should be considered as important 
influences upon learning.  Thus, this study was designed to 
examine in a range of environments language use as an 
element of constructivist learning in calculus.  The 
research was a naturalistic study involving three 
undergraduate calculus classes located at three different 
post-secondary institutions in Western Canada.  These 
institutions included a large university and two small 
private colleges.  The course at the university was 
representative of introductory calculus courses across 
North America in its content and an emphasis upon learning 
techniques for differentiation, integration, graphing and 
problem solving.  In comparison, one of the colleges used a 
"concepts-first" approach to instruction in which concepts 
are explored intuitively before introduction of their 
formal definitions and proofs and before skill development 
is emphasized.  The second college used an instructional 
approach which develops concepts intuitively while using 
infinitesimal methods related to nonstandard analysis.  
These infinitesimal methods are the tools by which Newton

and Leibniz first developed calculus.
    The best way to demonstrate how an infinitesimal approach 
to instruction differs from the use of methods in real 
analysis and in particular from technique-oriented and 



concepts-first instruction is to provide some specific 
examples of its use.  Two appropriate examples are the 
following:
     (1)  Limits and their precise  e-d  definition are replaced by the 
more intuitive notion of 
"rounding off" (an idea students have used since elementary 
school).  In other words, 

     F(lim,xí0) F(x2 + 2x,3)  =  0 
is replaced by 
     f(e) = F(e2 + 2e,3)   ~>   0 
where if  e  is infinitesimal then   F(e2 + 2e,3)   is very  small in size.   
F(e2 + 2e,3)   is therefore infinitesimal in size and will round off 
to zero.
     (2)  The derivative is not introduced via rotating 
secants which in the limit become a tangent line at a point 
on a graph.  Rather, the value of the derivative at a point 
is the slope of the tangent line at that point (if the 
tangent line exists).  This concept of derivative is 
introduced after tangent lines (and where they do and do 
not exist) have been introduced via the intuitive notion of 
magnification.  This magnification is a process whereby a 
curve is imagined to be magnified infinitely around a 
point.  If the outcome of the magnification looks like a 
straight line this line is the tangent line.  Both of these 
examples are based upon the intuitive notion of "close to".  
In infinitesimal instruction infinitesimal numbers are used 
for a more formal, mathematical justification of "close 
to".  Hence, use of the terminology "infinitesimal" in 
naming this approach to instruction.

Research Methods
   Task-based interviews with 17 students were the primary 
method of inquiry into the nature and role of students'

language use.  These in depth interviews involved students 
in oral and written responses to a number of calculus 
problems focusing on calculus skills and concept 
interpretations.  The problems included open-ended as well 
as relatively focused tasks in which students were asked to 
identify, describe, interpret, explain or apply limit and 
derivative concepts.  A sample of the problem statements 
can be found in Appendix A, while others can be seen in the 
student interview extracts included in the upcoming 
discussions.  The problem set was selected to provide a 
range of mathematical representations within which students 
could work, including words, symbols, graphs and physical 
applications.  It was also designed to provide 
opportunities for translation between these various forms 



of mathematical representation.  Thus, the interviews 
provided extensive performance examples and detailed 
accounts of students working through calculus problems.
   Systemic classroom observations and the use of 
low-inference variables as outlined by Croll (1986) were 
carried out for a 13 week school term and each class was 
observed for 25% to 50% of regular classroom time.  The low 
inference variables monitored when an instructor used 
symbols, technical or everyday mathematical terms or 
phrases.  A distinction was made between spoken and written 
occurrences of these variables.  Along with counting 
textbook and exercise assignment occurrences of symbols, 
technical or everyday language the observations provided a 
quantitative description of language use in each 
instructional setting.  The range of instructional settings 
thereby allowed partial examination of the impact of 
different approaches to instruction on the nature and role 
of students' language use, although the small number of 
students interviewed at each institution did not permit 
statistical analysis or definitive answers of the effect of 
instruction upon students' calculus learning.  However, the 
examination of the interview students' problem responses

gave insight into the potential impact of each 
instructional approach on all student learning.
   Students' language use was initially examined on the broad 
level of an entire problem response.  This examination was 
done by counting the occurrences of a student's use of 
symbols and technical or everyday language terminology 
which was not supplied in the problem statement.  In 
relation to symbol use, manipulations or operations with 
symbols present in the statement of a problem were 
distinguished from a student's use of a symbolic 
representation not present in the statement of the problem.  
For example, it was noted if students merely performed 
operations with symbols in responding to a differentiation 
problem or if they introduced operator or first principles 
notation as a representation of the differentiation 
process.  As well, use of symbols to label points, axes or 
functions on a graph or diagram were distinguished from 
introduction of symbols that independently constituted a 
mathematical representation.
   Results of the counts of students' use of symbols, 
technical and everyday language terms were used to 
determine the nature and role of their language use, while 
the role of their language use was determined from more 
extensive examination of what they said or wrote and what 
this language reflected of their calculus 
conceptualizations.



     
Classroom Observations and Textbook Analyses Results
   Results of the systemic classroom observations indicated 
instruction at the three institutions was similar in the 
extent of use of symbols, written or spoken technical 
language and written everyday language.  However, 
infinitesimal instruction as implemented in this study 
displayed a greater use of spoken everyday language.  The 
extent of use of spoken everyday language used in the 
infinitesimal approach was 49% greater than that used for

technique-oriented instruction and 33% greater than that 
used for concepts-first instruction.
   Results of the textbook analyses indicated the textbooks 
used at the three institutions were similar with respect to 
the nature of the language used.  For each book, symbols or 
technical language occurred in at least 90% of short 
presentations, explanations, examples or exercises, while 
everyday language occurred in approximately 10% of such 
situations.  Thus, it can be concluded that the written 
instructional materials used for each approach to calculus 
instruction were similar with respect to the extent of use 
of symbols, technical or everyday language.
   
Student Interview Results
   The results of the initial analysis of the number of 
occurrences of students' use of symbols, technical or 
everyday language are reported in Table 1.  A sample of the 
actual language used by a student that was classified as 
use of symbols, technical or everyday language can be found 
in Appendix B.  Figures in Table 1 show both similarities 
and differences between the groups of students at the three 
post-secondary institutions and they indicate the nature of 
students' language use.  As already mentioned, the role of 
students' language use was determined from more extensive 
examination of what students said or wrote and what this 
language reflected of their calculus conceptualizations.  
Thus, in the following sections values from Table 1 are 
used as initial bases for discussion.  The discussions are 
then expanded to include findings from examination of what 
students said or wrote in the interviews and what role 
these responses played in their interpretations of calculus 
problems.
   
Table 1.  Language Type Totals and Institution Averages for 
Students' Language Use

Student/ Instructional Approach



Symbols

(S)Technical Language
(TL)Everyday
Language
(EL)
TL/ELAnnabel/
Technique-oriented
7

23
14
.61Ellen/
Technique-oriented
2
8
24
3.0
Jennifer/
Technique-oriented
2
22
30
1.4Ned
Technique-oriented
3
24
37
1.5Richard
Technique-oriented
5
29
22
.76Technique-oriented
Averages
3.8
21.2
25.4
1.5Cindy/
Concepts-first42625.96Daniel/
Concepts-first324311.3Doug/
Concepts-first323361.6Leanne/
Concepts-first43027.83Sally/
Concepts-first530321.1Tim/
Concepts-first73016.53Concepts-first Averages
4.3
27.2
27.2



1.1Betty/
Infinitesimal816432.7Gordon/
Infinitesimal118291.6Mike/
Infinitesimal723411.8*Nadine/
Infinitesimal618412.3Neil/
Infinitesimal532351.1Tanya/
Infinitesimal742451.1Infinitesimal Averages
5.7
24.8
39
1.8*The figures for Nadine are incomplete because there was insufficient 
time in her interview for one of the problems.  These figures are 
therefore likely lower than they would have been if she had completed 
that problem.

Symbols
   At all three institutions students made relatively little 
use of symbols to represent, explain or justify ideas in 

comparison to their use of technical mathematical 
terminology or everyday language.  Considering the highly 
symbolic nature of calculus this fact might be said to be 
surprising.  Furthermore, since about 75% of the responses 
to skill problems were determined to be almost complete or 
fully complete, it can be concluded that although students 
were able to perform standard symbolic operations they did 
not generally use symbols to convey ideas.
   The ease with which students often carried out symbolic 
operations but struggled with or were unable to provide 
symbolic mathematical representations can be seen in the 
following two excerpts from the interview with Jennifer:
     
(Jennifer)
(Problem 10)
[10.  Find the slope of the tangent line to the curve   
x2y + y2 - 3x = 4   
at the point   (0,-2).]

Figure 1.  Jennifer's Written Response to Problem 10

I did implicit differentiation.  So using the 
product rule for the first term found the 
derivative of  x  times  y.  Plus the derivative of  
y  times  x.  And then for the second term, 
implicit differentiation of  x,  y  squared.  Just 
differentiate that.  Differentiation of a constant 
is zero.  And then isolating  y  prime.  Take all 
the terms which don't have a  y  prime to the other 



side of the equation.  Take out the  y  prime.  And 
divide the factored, what's left of the factored 
form through to the other side.  You isolate  y  
prime.  Then just substitute the points in for  x  
and  y.

(Problem 8)
[8.  What interpretations do you have for the 
expression below?

F(lim,hí0) =  F(f(x+h) - f(x),h) ]

Figure 2.  Jennifer's Written Response to Problem 8

J:  That's the definition of the derivative using 
limits, isn't it?  What interpretation would I 
have?

I:  Do you have any way of saying more about it?  
Or showing where it comes from?

J:  Um.  Well, there's that graph.  As well.  
Whatever.  And this would be  x.  And then  x,  and  
x  plus  h.  [long pause]  Hm.  h  approaches zero.  
[long pause]

I:  What are you thinking?

J:  I'm not really sure.  It would have to, I'm 
trying to think of, as  x  approaches,  as  h  
approaches zero. [pause]  So is this, the distance 
between here.  h  approaches zero.   The limit of 
that would just be the slope of that tangential 
line there.  This would be getting closer to that.   
These lines would be there at that point   f  prime 
cause that's the definition of the derivative.  It 
would be the tangential slope at that point.

   In the first extract Jennifer proceeds quickly and 
accurately through implicit differentiation, demonstrating 
she has knowledge of how to work appropriately with symbols 
to differentiate implicitly.  That is, symbolic procedures 
serve as a guide by which Jennifer constructs her problem 
response.  In the second extract Jennifer struggles with a 
graphical interpretation of the symbolic definition of the 
derivative.  She knows the symbols are the definition of 
the derivative and that they relate to the slope of a 



tangent line.  However, she is unable to provide an 
adequate explanation of the relationship between the 
symbols and the graph.  She labels the points  x  and  x+h  
on the  x-axis, but does not identify the role of  f(x)  
and  f(x+h).  She also does not explain how the symbols in

the definition correspond to the slope of a line.  
Jennifer's Problem 8 response therefore shows how she has 
knowledge of the graphical location of  x  and  x+h,  but 
she does not have complete knowledge of how these symbols 
relate to use of the technical terminology "derivative" and 
"slope of a tangent line".
   Thus, it is seen that Jennifer has knowledge of appropriate 
symbolic, algebraic procedures, but lacks knowledge of 
symbolic representations or interpretations.  She clearly 
knows how to use a symbolic procedure as a technology for 
finding a derivative and the corresponding slope of a 
tangent line and this procedure serves her as a guide to 
constructing her problem response.  It must also be noted 
that since symbolic representations do not appear to be a 
feature of the nature of Jennifer's language use, they do 
not serve her as a foundation from which to construct 
problem responses and related conceptualizations.
   Jennifer was not alone in her display of skilled use of 
symbolic procedures and concurrent lack of ability in use 
of symbolic representations.  Ten of the seventeen 
interview students used symbolic representations in one 
third or less of their problem responses, although symbolic 
representations were possible in all the problems.  Nine of 
these ten students were students who were classified in 
another part of the study as Collectors, students who 
approach their learning as memorization of unconnected, 
personally nonmeaningful statements, rules and procedures 
(Frid, 1992).  These students often made errors in 
procedures while the other students generally performed 
them accurately.  For example, in the first of the 
interview extracts given below, Leanne (a Collector) uses 
the chain rule for differentiation but uses it incorrectly 
in conjunction with the product rule.  In comparison, the 
second extract shows how Richard (who was not a Collector) 
was able to accurately proceed through an implicit 
differentiation task:  

(Leanne)
(Problem 7b)
[7.  Find the derivative of each of the following:
F(t)  =  (2t2 + 3t - 2)10 (3t 1/4 - 9)7 ]



Figure 3.  Leanne's Written Response to Problem 7b

(Richard)
(Problem 10)
[10.  Find the slope of the tangent line to the curve   
x2y + y2 - 3x = 4   
at the point   (0,-2).]

Figure 4.  Richard's Written Response to Problem 10

   In both the above extracts the students use knowledge of 
symbolic procedures, even if remembered inaccurately, to 
construct their problem responses.  Many of the responses 
which were constructed from knowledge of symbolic 
procedures were accompanied by students verbalizing the 
steps they were going through.  Examples of this 
verbalization are:
   
(Doug)
(Problem 7a)
[7.  Find the derivative of each of the following:
y  =  F(x3 + F(1,x),R(x) + 3x2 + 7) ]

You take the derivative of the numerator times the 
denominator, and you minus the numerator times the 
derivative of the denominator.  And you put it, but 
you have to get the derivatives of these.

(Sally)
(Problem 7b)
[F(t)  =  (2t2 + 3t - 2)10 (3t 1/4 - 9)7 ]

So first you have the inner function.  And the 
outer function.  So you get 10 [mumbling] times  4t  
plus  3.  And then  3t.  And then you use the 
multiplication rule for derivatives.  Which is the 
derivative of the first one times the second term.  
Plus the first term times the derivative of the 
second term.  So then we took the derivative of the 
first term.  And then there's the second term.  And 
then plus, and then this normal term.  Times the

derivative of the first term.  So we first take the 
outer function.  Times, and then the inner 
function.



(Richard)
(Problem 7b)
[F(t)  =  (2t2 + 3t - 2)10 (3t 1/4 - 9)7 ]

I used the product rule.  The first, I did the 
derivative of the first times the second.  So the 
derivative of the entire function.  And then 
multiplied by the derivative of what's inside the 
function.
   
   Whether using technical terminology such as "derivative of 
the numerator" or everyday language such as "outer" or 
"inner", students' language use in the above excerpts 
served as a guide or recipe for determining a derivative.  
Following the directions of the recipe achieved an answer.  
In other words, students' everyday or technical language 
use that verbalized symbolic procedures served the students 
as tools by which to construct problem responses.  What 
must be noted here is that although students often used 
knowledge of symbolic procedures to build problem 
responses, a number of them spoke of symbols as not having 
meaning for them.  They said such things as:

(Daniel)
Because to me it looks like Greek on the board when 
he works through all that stuff.  Well usually the 
notation doesn't make a whole lot of sense 
sometimes.  To say that  a  represents a constant.  
. . . like derivative is equal to  f  at  a  minus, 
or  f  at  b  minus  f  at  a,  all over  b  minus  
a.  To me, what does that represent?  It's a little 
too ah, like to me it's easier if you just say 
that.  Instead of writing it out with  a's  and  
b's.  Like why don't they just say what they mean, 
you know?

(Doug)
Cause it's not black and white.  It's not.  Like 
stuff about a very small number and stuff.  
Epsilon, or whatever.  It just makes it all the 
harder cause, I don't know why.  It's not written 
right out, I guess.

(Ellen)
You have a variable  x  and  y.  Why do you have a  
d  in front of it?  Or why do you have a little 



slash thing on it having the derivative?  Like what 
does that mean?

(Cindy)
I guess you have to have them but I just get 
really, really confused.  There's so much.  And I 
don't think there's enough attention given to 
making us understand all the symbols.

(Leanne)
It's mind boggling.  With like epsilon, delta, and 
whatever else.  Or epsilon one and epsilon two.  It 
can get confusing to me because they're both little 
numbers.  Like you see all those symbols and stuff, 
it kind of gets, you want him to just slow down and 
say what does this mean.

(Richard)
They're just symbols I move around according to a 
rule.  They don't really mean anything.    . . .  
It doesn't have a meaning.  It seems like it's 
stupid notation.  Why don't they have notation that 
says what it is?

   These extracts display how the students see symbols as 
separate from any personally understood calculus 
conceptualizations.  They refer to symbols as things that 
do not "make a whole lot of sense" (Daniel), are "not black 
and white" (Doug), are "mind boggling" (Leanne), and make 
one "really confused" (Cindy).  Doug, Daniel and Richard 
also comment on how they wish notation were more "written 
right out" so that it "says what it is".  For these 
students, symbolic language use in the form of symbolic 
representations does not serve as a guide for construction 
of calculus conceptualizations.  Further, the fact that all 
these students except Richard were Collectors indicates 
there might be a relationship between a lack of use of 
symbolic representations and approaching learning as a 
Collector.

   An indication of a possible relationship between symbolic 
language use and one's approach to calculus learning was 
also seen in the problem responses of the five students who 
used symbols most.  Four of these five students were 
students who approached their learning by trying to make 
personal sense of concepts, statements and procedures.  



Students who approached their learning in this way were 
called Connectors (Frid, 1992).  As well, three of these 
five students, Tanya, Mike and Nadine, were students who 
had been taught using an infinitesimal approach to 
instruction.  What is noteworthy about these three students 
is that they, unlike most of the other students, were able 
to give symbolic justifications or explanations of 
continuity and differentiability.  Furthermore, the symbols 
these students used and their corresponding verbal language 
were particular to an infinitesimal approach to 
instruction.  For example, Tanya, Mike and Nadine's 
responses included the following:

(Tanya)
(Problem 5)
[5.  For each function given below, determine if it 
is continuous or discontinuous.  Give reasons for 
your answer.]

Figure 5.  Tanya's Written Response to Problem 5

That any, I'll kind of do it this way.  y  at  x.  
And these two  x's  are the same.  Ah.  If you take 
any  x  point and go a little bit to the left or a 
little bit to the right an infinitesimal amount, it 
rounds off to  y  at that  x  on the  y-axis.

(Mike)
(Problem 5)
[5.  For each function given below, determine if it 
is continuous or discontinuous.  Give reasons for 
your answer.]

Figure 6.  Mike's Written Response to Problem 5

M:  So your  dx  could be positive or negative.

Either side of it.  But that would have to round 
off to the function at one.  To be continuous.  Now 
if you get a negative then it will.  But if you get 
positive, all of a sudden you're going to . . .

I:  If what's negative or positive?

M:  Your  dx.   You know if you have negative  dx  
you're going to be just to the left.   And it's, 
well that rounds off to the correct thing.   But 
just to the right of it, hey, I've got a two here, 



not a minus one.

(Nadine)
(Problem 9)
[9.  The graph of  y = F(x)  is given below.  At 
which points does the function not have a 
derivative?  Why?]

Figure 7.  Nadine's Written Response to Problem 9

N: Well if you want to find the derivative at a 
point, see I don't know what the function is.  
Okay, so I'm just going by  f  at  x.  And at your 
point you're looking at negative six.  It's just a 
point.  So you look at negative six and have 
negative six plus  dx.  And if there's any other 
point beyond there, that's what  dx  is.  It's any 
infinitesimal  x  or change in  x.

I:  So where would negative six plus  dx  be on 
this graph?

N:  To the left and right.   Cause you have 
negative, cause you have the  dx  a little bit to 
the left, and  dx  a little bit to the right.   The  
dx  to the left does not exist.

   In all three of these extracts the students use 
infinitesimal language (words and symbols both) to explain 
the relationship between the behaviour of a graph and the 
corresponding notions of continuity or differentiability.  
In doing so, infinitesimal notation serves as a primary 
tool for construction of an explanation.  It is a key tool 
in that interpretation of  dx  as an infinitesimal number 
provides the students with something fairly concrete to 
work with.  They easily visually locate on a graph what  dx  
corresponds to and how the position of  dx  relates to the

behaviour of the graph.  The role of the students' use of 
infinitesimal notation is to both build and justify their 
responses.
   Traditional limit notation can be used to explain and 
justify continuity and differentiability in ways similar to 
those of the previous three interview extracts.  However, 
of the eleven students who received calculus instruction 
using the limit concept, only Annabel and Tim successfully 
justified continuity or differentiability by the use of 
limit notation.  A third student, Jennifer, displayed a 



sense she knew limits were needed to prove discontinuity, 
but she was unable to connect her ideas with the limit 
notation she wrote down.  These findings suggest limit 
notation is not generally used by students as a tool for 
construction of calculus conceptualizations.  Annabel and 
Tim, the two students who were able to use limit notation 
to justify or explain concepts, were also the two students 
at their respective institutions who used symbols most 
frequently (see Table 1).  They were also unique amongst 
students who received either technique-oriented or 
concepts-first instruction in that they were the only 
Connector students from these institutions and the only 
individuals to display in their written work and express in 
their oral responses that they appreciated, felt 
comfortable with or had meaning for mathematical symbols.  
In relation to symbols they said such things as:

(Annabel)
They're just a good compact way of expressing it.  
It's more basic.  It puts it all down in point form 
and it gets rid of the extra words.  With the extra 
words, a lot of times it seems confusing.  Kind of 
when you read Hamlet and you want to get rid of a 
few.

I think they are important to my learning because 
it just makes it more basic and it makes it a lot 
less writing.

(Tim)

Math is international style.  I think by the 
symbols.

It means something to me.  For instance, this thing 
is a small value [writes  d  and  e].  I know this, I know take a 
derivative [writes  
F(d,dt)].

   In these extracts Annabel and Tim express how they see 
symbols as a tool by which to express and think about 
mathematical ideas.  Annabel sees symbols as important to 
her calculus learning because she can use them as a 
"compact", "more basic" means of communication.  They do 
not have the "confusing", "extra words" that she sees as a 
part of verbal communication.  Tim also speaks of how his 
calculus learning uses symbols that "mean something" and 
that are a means by which to "think".  The other eleven 



interview students who received technique-oriented or 
concepts-first instruction, in addition to generally not 
using symbolic representations, did not display perceptions 
that symbols had personal meaning or could be used as tools 
for thinking.
   In summary, symbols did not generally form a large 
component of the nature of students' language use in 
calculus.  Although some students were able to manipulate 
or perform operations with symbols and thereby use symbolic 
procedures as tools, they did not use symbols to represent 
concepts.  Students who received infinitesimal instruction 
used symbols and words particular to infinitesimal 
calculus.  Infinitesimal symbols served them as objects 
that could be concretely represented on a graph and 
referred to and used as tools for construction of an 
explanation or justification.
   
Technical and Everyday Language
   Technical  and everyday language are discussed in 
conjunction.  It would be inappropriate to discuss one 
without reference to the other because students generally 
used a combination of technical and everyday language in 
their responses to problems.  Interview excerpts used to

demonstrate the nature and role of students' use of 
technical language therefore often simultaneously display 
use of everyday language and vice versa.  In addition, 
since everyday language is often given by students as an 
explanation of a concept denoted by a technical language 
term, it would be a misrepresentation of the students' 
language use to completely separate the two language types.
   In relation to technical language use, students at all 
three institutions were similar in the extent to which they 
used technical language.  The average across students at 
each institution for the total number of technical language 
terms used throughout the interviews was similar at all 
three institutions (see Table 1).  These averages for 
technique-oriented, concepts-first and infinitesimal 
instruction were 21, 27 and 24, respectively.  However, 
students who received infinitesimal instruction used, on 
average, 39 everyday language terms or phrases, whereas the 
corresponding averages for students who received 
technique-oriented and concepts-first instruction were 25 
and 27, respectively.  Students who received infinitesimal 
instruction also differed from the other two groups of 
students in that for all of them the ratio of the number of 
everyday language terms or phrases used to technical 
language terms or phrases used was greater than one.  In 
comparison, the same ratio for students at the other two 



institutions exhibited a greater variety of values.  For 
some students the ratio was greater than one, and for other 
students it was less than one.  The two groups, students 
for whom the ratio was greater than one and students for 
whom the ratio was less than one, were distributed almost 
equally between the two institutions.
   The above findings indicate that although students who 
received infinitesimal instruction used technical language 
to about the same degree as students at the other two 
institutions, they used everyday language more.  This 
finding distinguishes them from the other students.

However, what distinguishes them more is the content of 
their technical and everyday language use and the role of 
this language in describing, explaining or justifying 
calculus ideas.  These features will now be discussed.  
Examples of what students at all three institutions said 
and wrote are given.  The nature and role of language in 
interpretation of calculus problems are discussed.
    To begin with, when asked what "round off" meant to them, 
students who received infinitesimal instruction gave 
explanations not completely congruent with the 
corresponding responses given by the other students to 
explain "limit".  They generally spoke of rounding off in 
terms of making numbers or calculations "less messy" or 
"easier to work with".  They said such things as:

(Tanya)
It's better to work with it.  It's better to work 
with that number, and for all practical purposes 
it is kind of really that number.

(Gordon)
It just makes it easier to work with numbers.  If 
you have sixteen divided by three point nine nine 
nine, or sixteen divided by four.  This [4] is a 
whole lot easier to work with than that is [3.999 
. . .].

(Nadine)
It's making a problem a little bit simpler.  . . . 
You don't have so many numbers to deal with.  
Cause like with that one, if you have nine nine 
nine nine, you can continuously go on.  If you 
have four, it's finite.  It stops.  And this is 
much easier to work with than three point nine 
repeating.



    An important feature of these excerpts is they reflect 
notions related to the round off process that students are 
taught in elementary school.  That is, students appear to 
have built their conceptualizations of rounding off from 
pre-calculus mathematical experiences of the term "round 
off".  They refer to making numbers simpler or easier to

work with, and also speak of numerals after a decimal place 
as an important aspect of rounding off.  The pre-calculus 
term "round off" and its related pre-calculus 
interpretations can therefore be said to serve students as 
a foundation for building conceptualizations related to the 
technical language term "round off".
   However, previous familiarity with the term "round off" 
also appears to have prompted some students to retain round 
off notions that are not always congruent with the role 
rounding off plays in calculus.  For example, the way 
Gordon and Nadine used the everyday language phrases "makes 
it easier" and "little bit simpler" does not necessarily 
reflect accurate notions of the role rounding off plays in 
calculus.  Rounding off is a process that is generally done 
at the final step of a calculation.  Thus, although it 
might make the resulting answer "a little bit simpler" or 
"easier to work with", it does not necessarily ease 
previous calculations or symbolic operations.  It might be 
that these students' conceptualizations of the role of 
rounding off includes the notion that rounding off makes it 
"easy" or "simple" to work with calculus ideas, as well as 
simplifying answers.  However, evidence of this possibility 
is not provided in  the above excerpts.
   A carryover of previous conceptualizations associated with 
terminology was also evident in the interview responses of 
students who received technique-oriented or concepts-first 
instruction.  In these students' interpretations of the 
calculus term "limit" contained a mixture of everyday and 
mathematical interpretations.  Furthermore, it was clear 
this mixture arose from students' conceptualizations of 
"limit" as an everyday language term.  Examples from the 
interviews included:

(Ellen)
Well if it has a limit then, yeah, it's going to 
approach a number and then when it gets to that  
number it's going to stop.  It's not going to get 
any bigger or smaller.  . . . but it will always

come back.  Like it won't really go anywhere.  Do 



you know what I mean?

(Richard)
It can't ever reach it.  In other words it's just 
getting closer to it.

(Daniel)
The limit for myself represents a barrier or 
endpoint at which something is possible.  For 
example, a swimmer would only be able to swim one 
mile because that is the limit of his or her 
endurance.  Similarly in math, though more complex, 
a limit represents a maximum or minimum 
possibility.

(Sally)
Something that a number approaches, but it will 
never reach.  Or something it can't cross, like a 
border.  Like you can't ever quite get to it.

   The students to whom these words belong, by ascribing 
meanings to limits in terms of swimming endurance, 
stopping, getting closer but never reaching, being a 
barrier or being something you can't cross over, revealed 
the powerful role previous language knowledge played in 
their construction of calculus conceptualizations of 
"limit".  The excerpts indicate the everyday language term 
"limit" and the conceptualizations students relate to it 
have led students to construct narrow notions of limits.  
However, since the limit concept is used in calculus to 
derive other calculus concepts, it is important to also 
examine how students made use of their limit-related 
language in problems requiring application or 
interpretation of limits.  The same examination of language 
use must also be done for students who received 
infinitesimal instruction.  It will be seen as these 
discussions proceed that everyday language was both a help 
and hindrance for students' interpretations of calculus 
problems.  Whether it was a help or a hindrance depended on 
the extent to which students integrated everyday language

with technical language or symbols in ways congruent with 
the corresponding concepts.
   For example, students' Problem 2 responses  (see Appendix A 
for the statement of Problem 2) generally indicated they 
appropriately integrated symbols and everyday language, 



explaining the behaviour of the two sequences with everyday 
language phrases such as: "getting closer and closer", 
"getting smaller and smaller", "really really really really 
small", "very very close to", "so close", "gets close", 
"goes to", and "bigger and bigger and bigger".  Students' 
use of everyday language aided their interpretations in 
that, because the phrases were consistent with concepts 
underlying the technical language terms "limit" and "round 
off", it allowed them to reach correct conclusions.  For 
example, "really small" and "very close to", though not 
necessarily complete interpretations, are correct 
interpretations of particular limit situations.  In 
comparison, everyday language use in responding to Problem 
2 hindered Doug.  He interpreted the symbolic language of 
the sequences in terms of the everyday language phrases 
"continuing on" and going "forever".  These phrases are 
valid everyday language interpretations of the situation, 
but they led Doug to the mathematically incorrect 
conclusion that the sequences did not have limits.  Thus, 
for Doug, inappropriate integration of symbols and everyday 
language resulted in construction of a mathematically 
incorrect calculus conceptualization.
   Students who received infinitesimal instruction, although 
they did not always make extensive use of symbolic 
representations, generally integrated everyday language 
more with symbols or technical language than did the other 
students.  Examples of this integration using language 
particular to infinitesimal calculus are given below:

(Tanya)
(Problem 2)
[2.  For each of the following sequences of 
numbers, decide whether the sequence rounds off to

a particular number.  If so, what is this number?

1,  F(1,10) ,  F(1,100) ,  F(1,1000) ,  F(1,10000) ,  
F(1,100000) ,  . . . 

3.9,   3.99,   3.999,   3.9999,   3.99999,   3.999999,  
. . .]

Figure 8.  Tanya's Written Response to Problem 2

And it's going to get closer and closer to four.  . 
. . Four minus an infinitesimal amount.  Which 
isn't four, but it's as close to four as you get.



(Nadine)
(Problem 2)
Well this one, this one is gradually increasing 
towards four because you keep adding on another 
nine.  . . . Well it's just when you keep adding on 
another nine you're increasing the value.  And 
eventually you'll be adding an infinitesimal, an 
infinitesimal amount.

   In these two excerpts Tanya and Nadine used the technical 
language term "infinitesimal" and the corresponding notion 
of an infinitesimal number to justify their previous 
explanations using the everyday language phrases "get 
closer and closer to four" and "gradually increasing 
towards four".  For Tanya and Nadine, technical terminology 
arising from an infinitesimal approach to calculus was 
connected to symbolic and everyday language use.  In 
comparison, students who received technique-oriented or 
concepts-first instruction, although they often gave valid 
explanations of situations using everyday language, they 
did not as frequently use technical terms or symbols for 
further, more detailed or precise justifications.  In 
particular, unless specifically asked to do so, they did 
not make extensive use of language and ideas related to 
limits.  There were also occasions when they used technical 
terms or symbols but were unable to explain the connections 
to everyday language explanations.
   A prominent  feature of interview responses from students 
at all three institutions was that students were often able

to give valid explanations for problems when the problems 
were visually oriented by graphs.  In particular, students 
used a range of technical and everyday language related to 
the visual appearance of a graph or the concepts of slope 
and tangent line.  This language was used to describe 
features of graphs.  The technical language frequently used 
included:  "constant", "not smooth", "not increasing or 
decreasing", "slope of the graph", "slope of a function", 
"negative slope", "tangent line", "slope of the tangent", 
"slope of the tangential line", "tangent horizontal", "no 
tangent line", "curvature", "always decreasing" and 
"derivative is the slope".  Everyday language used 
included: "doesn't go smoothly", "steepest", "gets higher", 
"kind of straight", "turns sharply", "plateau", "flat", 
"changes direction", "levels off", "tangents going in 
different directions", "evens out", "coming down", "slope 
largest", "like top of a curve", "not a straight line 
anywhere", "slope most severe", "slope up and to the 
right", "it stops", "gets higher" and "rise over run".  



Examples of students' use of some of these technical and 
everyday language phrases are given below.  In all these 
examples the students use visually oriented language as a 
tool to construct their responses.
   
(Sally)
(Problem 11a)
[(a) At what exact point in time was the number of 
elk increasing most rapidly?]
(See Appendix A for the graph for Problem 11)

The derivative is the slope of the graph, and so 
um, it says right here that the graph shows the 
number of elks in the park.  So um, when the number 
is increasing over the shortest amount of time, 
then the slope is going to be the most vertical.  
And when it's the most vertical it's going to be 
the highest.  And there it's the most vertical so 
it will be the highest there.

(Richard)
(Problem 11e)
[(e) At what point or points in time is the number

of wolves not changing?]

I:  Why where the derivative is zero?

R: Slope is, well the slope of the tangent line is 
zero.  It's horizontal.  So slope is zero.  Well 
nothing is increasing or decreasing.  There's no 
more wolves and no less wolves at either point.  It 
just stops.

(Jennifer)
(Problem 11e)
[(e)  At what point or points in time is the number 
of wolves not changing?]

Well the line isn't increasing or decreasing.  It's 
just maintaining a steady slope.  It's flat.

    In all these excerpts the students give explanations that 
rely on visual, physically oriented language, including:  
"most vertical", "highest", "horizontal", "just stops", and 
"flat".  Through use of these everyday language phrases to 
describe the graph under consideration the students 



integrate everyday language with the technical language 
terms tangent, slope and derivative.  The role of their 
everyday and technical language use is as tools for 
construction of explanations.
   In relation to the use of visual, physically oriented 
language one aspect of infinitesimal instruction which was 
displayed in students' problem responses and which appeared 
as important in their responses was the notion of 
magnifying a curve.  At some point in their interviews all 
students who received infinitesimal instruction spoke of 
infinitely "magnifying" or "blowing up" the graph of a 
function.  In an infinitesimal approach to calculus 
instruction magnification is a means by which a function 
can be examined "up close".  The following interview 
extracts exemplify how this process works.  They also 
display related technical and everyday language and how 
they play a role in the students' constructions of problem 
responses.

(Neil)
(Problem 6)
[6.  A friend of yours who recently completed high 
school mathematics is wondering what calculus is 
all about because he/she has heard you frequently 
use the word "derivative".  What short 
explanations, sentences, or examples would you use 
to explain to your friend what the "derivative" is 
all about?]

Figure 9.  Neil's Written Response to Problem 6

If you were to magnify that function infinitely it 
would look like a straight line with the same 
point.  And you could still have a rise and a run.  
Except the rise and the run would be infinitesimal 
as compared to a finite rise and run.

(Mike)
(Problem 5)
[5.  For each function given below, determine if it 
is continuous or discontinuous.  Give reasons for 
your answer.]

Figure 10.  Mike's Written Response to Problem 5

When you're looking that close and like on any 
point whatever it would be easy to blow it up then 



and then see your  dx.  Like a little point almost 
on top of it.  You can see it.  It's going to blow 
up almost like a straight line.  And it's going to 
be almost, it's going to be, it will round off.  
Like just to the right here.  Just to the right.  
Like I said, infinitesimally close.

   In the above extracts infinitesimal language plays a role 
in students' interpretations by orienting them to construct 
descriptions of a magnified curve.  Non-infinitesimal 
language related to the slope of a tangent line also served 
to orient students to descriptions of a curve.  However, 
these descriptions, justifications and conclusions seldom 
made use of limit-related language or processes.  In 
comparison, the notion of infinite magnification has 
limiting processes built into its use.  This feature

distinguishes it from traditional slope and tangent line 
notions in more than one way.  First, it is a dynamic 
rather than static method for interpretation of graphs.  
Second, magnification makes the limit concept of "close to" 
accessible.  That is, the visual mechanism of blowing up or 
infinitely magnifying a curve serves as a visual, 
physically accessible means by which to examine limiting 
notions.  The traditional limit concept also has visual 
interpretations, but these were not regularly used by 
students at who received technique-oriented or 
concepts-first instruction.  In fact, the general absence 
of use of limit notation or terminology by students who 
received these approaches to instruction, unless it was 
specifically requested, indicates they did not integrate 
their limit conceptualizations into other calculus 
conceptualizations.  For example, their responses included 
explanation of the derivative as the limit of the slopes of 
a sequence of secant lines, but the relationship of limits 
and derivatives was then not applied in other problem 
responses.  Use of the notion of magnification was more 
regularly applied by students as a tool by which to 
construct calculus conceptualizations.
   A final feature of the problem responses of students who 
received infinitesimal instruction was that when students 
used magnification and related terminology they did not 
construct the same misconceptions present in problem 
responses of students who did not use infinitesimal 
terminology (including incidents when students who received 
infinitesimal instruction did not use infinitesimal  
terminology).  For example, students who did not use 
infinitesimal language tended to interpret the technical 
language term "continuous" in relation to everyday language 



phrases such as "no breaks", "no jumps", "existing", "being 
defined" and "not changing".  Many of the students' notions 
associated with these everyday language phrases were valid 
interpretations of situations, although they were not

necessarily valid mathematical interpretations.  The 
interpretations therefore sometimes guided students to 
construct mathematically incorrect justifications or 
justifications that were used inconsistently.  For example, 
students' problem responses at all three institutions 
included:

(Doug)
(Problem 5)
[5.  For each function given below, determine if it 
is continuous or discontinuous.  Give reasons for 
your answer.]
(see Appendix A for the graphs for Problem 5)

Well, cause there's no breaks [first graph].  It 
just continues.  And all the points are, all the 
points exist on it.  And they keep going.  . . . I 
guess cause it changes direction [third graph].  It 
goes this way and then it just breaks.  It doesn't 
have a, it doesn't smoothly go into it.  It's like 
two different lines that just happen to start at 
that point.  . . . No, it's discontinuous [fourth 
graph].  It exists but it's discontinuous.

(Jennifer)
(Problem 5)
I just imagine you can just, using values in there 
[first graph], there'd be no values of  x  where 
the function wouldn't exist.  . . . I'd just say 
any, it would be continuous because any number that  
x,  the function would exist at any number  x.

(Gordon)
(Problem 5)
G: This one is [first graph].  Cause the arrows 
indicate that it's going on forever.  There's no 
ah, no empty spaces between it.  Then you could say 
it is continuous.  Um.  [pause]  This one is too 
[fourth graph].  Because everything to the left of 
that point is on the line.  And everything on this 
line to the right is there.  There's no empty 
spaces.  Except for that little open circle which 
is there.  If you just looked at it, as like a 



straight line, it's still going to be, everything 
is still going to be there.  There's not going to 
be, no empty spaces.

I:  That's in this part here? [the discontinuity at 
x = 1]

G:  Cause like if you brought this line [the right 
half of the fourth graph] down there, the open 
circle and the closed circle would just cancel each 
other out.   And you'd just have a straight line.

I:  So are you saying it's continuous?

G:  Yeah, it is.

   In these three extracts the students' interpretations of 
the technical language term "continuous" in terms of 
"existing" leads them to construct mathematically incorrect 
justifications.  Further, although interpretation of 
"continuous" as "no breaks" usually oriented students to 
mathematically correct notions related to continuity, it 
did not do so for Doug.  Doug believed that a "break" in 
the way a function is defined constitutes a discontinuity.
   Another misconception displayed by students who did not use 
the notion of magnification was that non-uniqueness rather 
than non-existence of a tangent line implies 
non-differentiability.  For example, students said such 
things as:

(Cindy)
(Problem 9)
[9.  The graph of  y = F(x)  is given below.  At 
which points does the function not have a 
derivative?  Why?]
(see Appendix A for the graph for Problem 9)
Because this is undefined [at  x = -5].  Because a derivative means you're 
taking the 
slope of a tangent.  But the tangent, it could be 
here, it could be here, it could be here.  It could 
be anywhere.  And we don't know where it is.

(Annabel)
(Problem 9)
Derivative is suppose to ah, on a graph the 
derivative is supposed to be a tangent line that 
touches the graph at only one spot.  And at a sharp 



point or an endpoint there it touches it, it can do 
that in many different places.  So you cannot 
define any one derivative.

(Richard)
(Problem 9)
Well I mean a cusp, this is the way a cusp is drawn

[at x = -5].  But if you get a cusp it could go like that.  
And you don't know what, can you draw like that?  
How do you draw, you can draw it a lot of different 
ways.

   The students to whom the above interview excerpts belong 
gave the correct conclusion that no derivative existed at a 
particular point, but their justifications for 
nondifferentiability were mathematically incorrect.  In 
comparison, students who employed the notion of 
magnification to determine differentiability said such 
things as:

(Gordon)
(Problem 9)
The line has to be continuous.  So you wouldn't 
have one [a tangent] at the endpoint.  [pause]  If 
you blow that up, infinitesimally you still have 
that.  You can't draw a tangent to that.  Then you 
can't have a derivative.

(Tanya)
(Problem 9)
Right at this point if you magnify it.  You're 
magnifying the point and you still have a straight 
line.  In order to have a derivative you need a 
line.  You don't need a point and a line to the 
left or right of it.  You need a line where you can 
draw a tangent line and a slope to it.  Here, like 
I said, a derivative just to the right of it exists 
[at x = 1/2].  Left, sorry.  Just to the left it 
exists.  Infinitesimally.  Right at that point it 
doesn't exist.

(Nadine)
(Problem 9)
. . . you take the point and you blow it up an 
infinite amount.  And if you see a straight line 



there's a derivative.  . . . You'll still see this.  
You blow it up and you'll still see a  V [at x = 
-5].  And at this point there is no derivative.

The above excerpts show how magnification of a curve 
generally served to focus students' perceptions and 
subsequent justifications upon non-existence rather than 
non-uniqueness of a tangent line.
   In summary, students' problem responses revealed some

important features of their technical and everyday language 
use, including:  (1) conceptualizations built using 
infinitesimal language displayed features different from 
conceptualizations built using traditional calculus 
language, and  (2) whether speaking with traditional or 
infinitesimal language, students used terminology as 
foundation tools by which to conceptualize their 
constructions of descriptions and explanations and in these 
constructions pre-calculus language knowledge was 
prominent.

Summary and Discussion
   For the interview students of this study the nature and 
role of their language use was such that symbols did not 
generally form a large component of language use in 
calculus.  Although some students were able to manipulate 
or perform operations with symbols, they did not use 
symbols to represent concepts.  That is, many students 
displayed procedural use of language as a technology by 
which to construct problem responses, but they did not 
generally use symbols to represent or think about calculus 
ideas.  Students who received infinitesimal instruction 
used symbols and words particular to infinitesimal calculus 
as primary tools to explain or justify calculus ideas.  
Infinitesimal symbols served them as objects that could be 
concretely represented on a graph and referred to in 
construction of an explanation or justification.  The 
technical terminology used by students who received 
infinitesimal instruction differed from the other students 
and it was integrated more with everyday language, making 
both the nature and role of their language use different to 
the other students.  They used infinitesimal language and 
related visual notions such as infinitesimal closeness and 
infinite magnification.  As well, students who used 
infinitesimal language, more frequently than the other 
students, appropriately integrated technical and everyday

language and did not display the same misconceptions 



present in other students' responses.  All students often 
gave valid physical interpretations for visually oriented 
notions such as continuity, slope or size.  They used 
visually oriented language as a base from which to build 
responses.  In addition, many students displayed procedural 
use of language as a technology by which to construct 
problem responses.
   
   This study began with an aim to study student learning in 
introductory calculus from a constructivist perspective.  
The adoption of a constructivist perspective pointed to 
language use as a means by which to examine student 
learning while simultaneously testing and refining 
constructivist notions.  Language use was seen as important 
to learning viewed from a constructivist perspective 
because constructivism sees mathematics knowledge as being 
grounded in subjective interpretations of language (von 
Glasersfeld, 1987; p.7) and "linguistic knowledge, 
conventions and rules" (Ernest, 1991; p.42).  This study 
was able to identify and examine the nature and role of 
students'  language use in calculus, thereby clarifying and 
refining the notion of language use as an element of 
mathematics learning viewed from a constructivist 
perspective.  Further, since the study was conducted with 
students from three different instructional settings and 
revealed important features of student learning, it 
demonstrates the usefulness of employing language use as a 
reflector of learning viewed from a constructivist 
perspective.
   Additionally, a number of findings from this study both 
support and develop previous theories and research related 
to mathematics learning.  In particular, the role of 
language in mathematics learning is highlighted by the 
findings.  First, the findings provide evidence of 
Johnson's (1987) notions of "image schemata", structures of

meaning that arise from "perceptual interactions and bodily 
movements within our environment" (p.19).  In particular, 
magnification and its related notions of shape and 
closeness were used by students as image schemata by which 
to describe and explain continuity and differentiability.  
Shape and closeness were thereby used as physical 
experience meaning structures by which meanings could be 
given to more abstract concepts.
   Another aspect of language and learning discussed in the 
literature that this study supports is the role of natural, 
everyday language (Halliday, 1978; Pimm, 1987).  Students' 
previous language experiences influenced their calculus 
conceptualizations.  For example, students' pre-calculus 



knowledge of the terms limit, round off, continuous, and 
undefined were evident in their calculus 
conceptualizations, findings in agreement with previous 
research of calculus students (for example, see Davis and 
Vinner, 1986; Sierpinska, 1987; Tall and Vinner, 1981; 
Williams, 1991).  This research study therefore further 
demonstrates that individuals' use and interpretation of 
everyday language is likely to figure in their mathematics 
learning.  In addition, students' procedural use of 
calculus language as a technology for talking about and 
doing calculus can be interpreted as use of the calculus 
"register" (Halliday, 1975; Pimm, 1987).  It is use of a 
register in that it involves the technical language of 
calculus as well as characteristic modes of arguing.
   The role symbol systems play in learning is also evidenced 
in this study.  Students' use of infinitesimal notation and 
related terminology was distinctly different from their use 
of limit notation and related traditional terminology.  
Students who incorporated use of infinitesimal notation 
into their problem responses used symbols as a "combined 
label and handle for identifying and manipulating concepts" 
(Skemp, 1987; p.62).  They used infinitesimal language 
(words and symbols both) as tools by which to describe,

explain and justify particular mathematical situations.  In 
these instances their language use was a vital component of 
construction of problem responses and related calculus 
conceptualizations.  It was vital in that it oriented 
students to mathematically valid and useful descriptions, 
explanations and procedures.
   Some of the findings of this study in relation to students' 
calculus conceptualizations are congruent with previous 
research.  First, students exhibited errors similar to 
those of the interview students of Orton's studies (Orton, 
1983a; Orton, 1983b), including a failure to correctly 
execute differentiation rules.  Second, the findings of 
this study agree with those of Heid (1988) in how the 
nature and role of students' conceptualizations can be 
influenced by the nature of instruction.  In particular, 
students who received infinitesimal instruction exhibited 
more use of everyday language than the other students.  
Lastly, Tall's (1989) report of students' use of the 
"cognitive root" or "anchoring concept" of local 
straightness was evident in students' use of features of an 
infinitely magnified portion of a graph.

Implications
   On the basis of this study it appears that image schemata 
(Johnson, 1987) might serve as effective theory by which to 



develop and implement calculus instruction that guides 
students to meaningful calculus learning.  Students' uses 
of bodily experiences of magnification support this claim 
by indicating students are able to construct calculus 
meanings from physical experiences of the world.  This 
feature in turn implies that instruction which emphasizes 
the use of visual and physical calculus representations and 
their connections to symbolic representations is likely to 
enhance students' calculus understandings.
   Future research into students' calculus learning needs to 
examine in more detail students' use of visually oriented

language and image schemata, their related use of symbolic 
representations and their procedural use of symbols.  
Similar studies should also be done with students studying 
mathematics other than calculus.  Further research is also 
needed into how instruction can affect students' language 
use.  Since students who received infinitesimal instruction 
displayed more appropriate integration of symbols, 
technical and everyday language, the influence of 
infinitesimal language on students' calculus 
conceptualizations needs to be considered in future 
research studies.
   Given the above points, it would be advantageous to 
continue research into mathematics students' language use.  
Researchers and teachers would then be better guided in the 
development of mathematics instruction that facilitates 
mathematics learning that facilitates both meaning and 
skill proficiency.
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Appendix A - Problem Statements for Interview Problems 2, 
5, 9 and 11

Problem 2:

(Technique-oriented and Concepts-first Instruction)
2. For each of the following sequences of numbers, decide 
whether the sequence has a 

limit.  If so, what is this number?

1,  F(1,10) ,  F(1,100) ,  F(1,1000) ,  F(1,10000) ,  
F(1,100000) ,  . . . 

3.9,   3.99,   3.999,   3.9999,   3.99999,   
3.999999,  . . .

(Infinitesimal Instruction)
2. For each of the following sequences of numbers, decide 
whether the sequence 

rounds off to a particular number.  If so, what is this 
number?

1,  F(1,10) ,  F(1,100) ,  F(1,1000) ,  F(1,10000) ,  
F(1,100000) ,  . . . 

3.9,   3.99,   3.999,   3.9999,   3.99999,   3.999999,  . 
. .



Problem 5:

5. For each function given below, determine if it is 
continuous or discontinuous.  

Give reasons for your answer.

Problem 9:

9. The graph of  y = F(x)  is given below.  At which points 
does the function not have a derivative?  Why?

Problem 11:

11. The number of elk in a national park at the beginning of 
each year is represented by 

the function   y = E(t)  as shown on the graph below.  The 
number of wolves is 

represented by the function  y = W(t),  also graphed below.

Appendix B - Sample Language List

Language List:  Betty

Everyday Language

Problem 2:
-  getting smaller and smaller
-  going forever
-  bigger and bigger
-  getting closer and closer to four; but not reaching four

Problem 3a:
-  have to work it out so it's not in the indeterminate form
-  can just drop these because they're infinitesimal and that 
would be the rounded off form
-  can just drop it
-  it's big

Problem 3b:
-  start off with different things
-  make calculations easier
-  try to get them to look like whole numbers



Problem 4:
-  curved line 
-  have to work it out and round off

Problem 5:
-  two lines separated
-  should be an open type interval, open point
-  there's an open space and it doesn't say equal down here
-  can draw without taking your pencil off the graph
-  have to lift your pencil from one place to get to another 
place
-  no breaks
-  like a flow
-  dots would be going up consecutively
-  check the points 
-  so it will come down and go up continuously
-  not connecting

Problem 6:
-  see how it behaves, looks

Problem 7:
-  first times derivative of second. ... first times the 
second.
-  the inside

Problem 8:
-  just put it down at the beginning

Problem  10:

-  change over change 

Problem 11:
-  fastest it increases
-  highest amount of increase; higher increase within a 
shorter amount of time
-  pretty good drop going down
-  increase the graph and focus on that flat line as you get 
closer, and then flatter and flatter 
-  slowly and slowly curve up
-  almost the straightest line on the graph
-  just varies a little bit
-  there's a drastic change and then there's sort of a slight 
but not too much
-  staying at that level
-  sort of gets flat
-  reaches a plateau
-  sort of a stop, not really low or high



Problem 12:
-  has to be big
-  has to be going up

Technical Language  (symbols used are on a separate list)

Problem 3a:
-  indeterminate form
-  infinitesimal dx
-  zero on the bottom

Problem 4:
-  undefined 
-  indeterminant

Problem 5:
-  split function

Problem 6:
-  the slope of the graph 
-  asymptote

Problem 7:
-  quotient rule and power rule

Problem 9:
-  endpoint
-  no slope
-  tangent line

Problem 10:
-  y intercept

Problem 11:

-  decreases

Problem 12:
-  y less than zero
-  slope greater than zero

Symbols

Problem 2:
-  ~>  F(1,˘)

Problem 3a:



-  F(˘,˘)
-  dx

Problem 3b:
-  F(dx + 1,dx + 2)

Problem 10:
-  F(Dy,Dx)
-  y = mx + b

Problem 12:
- y = mx + b,  F(y,x) = 1
-  F(x) = 2
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