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THE CHILD'S COMPREHENSION OF

SYMBOLIC MATHEMATICS STATEMENTS

A STUBY OF MATHEMATICS TEACHING J K. MUNRO

4n essential aspect of mathematics learning is the ability to read statements relating mathematical
elements in various ways. Of these various forms, the conventional symbolic "horizontal format" is the
most frequently used to convey the relationship between the mathematical elements. Instances of this

format include:

H
o~
H

(4) 2z x {x ~ 2),
{B) x -4 = 7,
(C) 2x -4

(™ 2x - &

El

¥,
(£) 7=5=7-x
As iIndicated by these instances; this format may be used to describe identity relationships, eguality
relationships, descripticn of a particular mathematical state, and inequalities. The present study
axamines changes in the mathematics student's ability to read. TFor the above types of mathematical
statements, the relationship between the variocus elements is indicated by their relative spatial
pesitions. The ability to meaningfully vead each statement, and to derive the intended xelationship from
the statement, involves the ability to interpret relative spavial position. The present study examines
changes in the child's ability to meaningfully read the data of defining equality relationships, when
coded in various forms, The ability to read conventional symbolic statements exemplified by (B) is
contrasted with the ability to abstract the intended mathematical relationship from analogous statements
coding the relationship in alternative formats. It is proposed that the ability to understand a
mathematical relationship is a Ffunction of the language format used to code the problem; some problem
specifications are more amenable to intellectual analysis than the conventional symbolie mathematics
statement .
The equation in primary and secondary mathematics learning is an instance of the "open sentence", A
relationship of mathematical equality is specified between two wathematicsl states, as in dicated by
(A), (B) or (DY or (E)., The child's understanding of mathematical equality is frequently measured in
terms of his ability to find the "solution sét“ of the equation, i.e., the value/s of x for which the
condition of equality is satisfied. To do this, it is proposed that the splver perform from two areas:
1. the ability to derive the intended meaning from the problem specification, by using the relative
spatial order of elements, and,
2, the ability to comprehend and manipulate the equality of two mathematical states.
This paper deseribes a preliminary study examining the cenditions under which children of different grade
levels understood the equality of two mathematical states, across variations in specification of the two
states. The Lypes nf mathematical statements examined are typified by the following:
(i) Type 1 commutative-type statements of the forma + b =b + a,
(ii}) Type 2 associative-type statements of the form a + b (b + ¢) = (a + &) + o,

{idid) Type 3 statements of the form a +b = (a - ¢} + (¢ + b), and
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(iv) Type 4 inverse-type statements of the forma + b ~ b = a.

Variations in the statement format. When a semantic relaticonship of equality is expressed using

conventional symbolism exemplified by {A), (B), (D} of (E) above, the information specifying the two states
and the relationship between them, is presented in a single statement, with all of the elements
represented symbolically, and a relative spatial position system used to code the relationship between
the elements. The semantic relationship coded in (E) differs from those coded in (F) and (G}, by virtue
of different relative spatial orders of elements:

(F) 7-x=35~7

G) 7 =-5=x-35
Pupils at the primary and secondary levels of mathematics learning are generally expected to comprehend
the semantic relatienships coded in these statements in terms of a temporal sequence of mathematical
operations. Example (E) may be interpreted as:
"seven take away five is equal to a certain number take away seven', and (F) may be interpreted as,
"seven take -away a certain number is equal to five take away seven'.
The spatiai'arrangément of elements describing each state way be dnterpretad as specifying a temporal
order of operations, and this becomes the solver's understanding of the semantic relationship coded in
the statement. While preserving the semantic relationship between the elements, one may vary the format

specifying the relationship, by varying:

1. the mode of expressing the relationship between the elements,
2. the mode of expressing the concept of equality, and

3. the organization of the data specifying the relationship.

Thae semantic relationship may be coded by: .

1. describing the order of operations temporally, rather than requiring interpretation of spatial
order of elements,

2. presenting the data in smaller, meaningful bits, e.g. specifying separately sach state, and the
relationship between them. Consider the possibility that the conventiomal symbolic statement
contains too much information to be accommodated in immediate avareness, by some pupils. To
abstract the coded relationship, these solvers must initially attach meaning to some of the data,
and then store this meaning in short-term storage, while attaching meaning to the rest of the
statement. To do this, the pupils must subjectively organize the data into meaningful portions.
For these pupils, one may expect that prior orpanization of the data in this way, may facilitate
intellectual analysis. The need for pupll organization of the data is removed, and short-term
memory demands are reduced.

3. Superimposing the mathematical relationship on a non-mathematical relationship familiar to the
pupil. In this type of coding, both the relationship between the elements in each state, and the

relationship between the states, are described using ordinary language structures that are

analogous in a mathematical sense to the mathematical elements in the conventional symbolic
statements. The mathematical operaticns are coded using 'ordinary language' verbs that correspond
to addition and subtraction. The condition of equality is coded using adjectival phrases that
make refereace te equal quantity, or size, ete. This type of coding contains information
extraneous to the mathematical relationship. A danger of using this type of coding involwves

possible changes in the meaning of the mathematical elements. In the conventicnal symbolic
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statements, the numerical elemeuts do not function as markers or guantifiers for specified nouns, whereas
in this coding thelnumarical elements may be used to quantify nouns, thus changing their meaning. The
present study examined the hypothesis that intellectual analysis of mathematical equality is a funectdon
of the format used to specify the relationship. In particular, a comparison of conventlonal symbolic
format with alternaitve formats, was examined. Two alternative formats, a context format and a games
format were used. In the context format, the mathematical relationship was embedded within a real-life
situation, in which spacemen on Mars gathered and lost bofs. Kach mathematical state was aésociated with
the actions of ong spaceman. The numerical elements were not used to mark or to quantify nouns, but rathef
used by themselves. In the games format, each state was asscclated with a particular person. Each state
was described separately, using conventional mathematical symbols for the elements, and words for the
operations. The relationships between the two states was described using ordinary language structures.
The present study examined the predictien that mathematical relationships coded ic the conventional
symbolic format were more difficult to intellectually analyse than when coded in the altersative formats.
In particulsr, it was predicted that the ability to understani mathematical equality of two states was

a function of the format used to specify the fwo states and the relationship between them, with the
conventional symbolic format predicted to be most difficult. PFurther, variations in the relative
difficulty. of various formats with changes in age were examined in this preliminary study.

Variations in the symbolic statement. A mathematical relationship is specified symbolically using a

relative spatial order system, as inditated by examples (A} - (G} above. The rules used in this system to
communicate meaning by relating elements cerrespond to the syntactic rules of ordinary language. Just as
we use word-order rules to code the relationship between word-meanings, so in the mathematical context we
use symbol-order rules to code the ralationshi? between mathematical elements.

Many natural languages contain syntactic rules that permit the re-arrangement of phrases and clauses in
specified ways, within the sentence. Analogous rules exist in the use of the relative spatial order
system, in mathematics.

Consider the statements (H}, (I), and (K) below:

(1) T+4=(7~53)+(5+4)
(1) TH+4=(7+ 4 )+ (5 -5}
(X) 74+ 4=(5~-5)+(7+4}

These statements may be seen as syntactlc variants of the same semantic relationship, and are related by
transformational rules that preserve the overall meaning of the relationship. The basic unit of re-
arrangement is the numerical element with its corresponding operatiomal sign. An understanding of these
rules way be predicted to demand the sbility to co-ordinate two dimensions or attributes of an entity
simultaneously, The present study examined the propesition that syntactie variants exempiified by (H)-(K)
differ in difficulty of comprehension. Intuitively, it would seem that {H) is the most difficult to
comprehend, due teo its apparently greater demand on mental manipulation of symbols, and short-term
storage abllities., The relative spatial proximity of the inverse elements in (J) and (K) would seem to
reduce the need for these abilities in comprehension of the statements. The organization of the data
specifying the relationship in {J) and (K) is predicted to facilitate intellectual analysis more readily
than in (H).

FPurther, one may predict that solvers may use different strategies in examining the veracity of (H) and

(JY. Subjects would be more likely to successively compute each operation in a séquential way in (H), and
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would be more likely to reason in terms of inverse operatioms in (J) and (K), because in the problems,
the inverse relationship is more salient. Thus, cone may predict that children who lack an understanding of
negative numbers are likely te find (L) insoluble, while (M) is more easily solved:

(L) T 4={T7-93)+(9+4)

#

(0D THb=(T4+&)+(9-9)

The present study examined the proposition that children of various grades found problem statements

exemplified by (H) and (L} more difficult to read meaningfully than those exemplified by (J), (K) or (M).

A second type of variation in the symbolic statement is the element marked as unknown. In the present

study, the unknown element represented a numerical element, and, for any of the mathematical relation-

ships under examination, can occupy one of several spatial positions In the statement. The present study

examined the efféct of the position of markedness of the unknowﬁ element, on the ability to solve the

problem. '

As discuésed above, several syntactic variants eiist for each relationship. For the relationship (N),
(M) 7 -4 =1l - 7

four alternative problems may be generated, by varying the markedness of the unknown element:

(®) 7 b= AN~

Q) T-4=11 -/
(R) A-4+11 -7
(8) T-A=11-7

Previous incidental experience of the writer had shown that many students exhibit differential
performance when exposed to (P) - (5) zbove. For (P) and {8}, they assume a type of symmetry of states,
based -on the assumption that the two states are equal if they contain the same elements,; regardless of
spatial order, and solve (P) as -[3 = 4 and (8) as [3 = 11, However, these students are more likely to
solve (Q) and (R) accurately, using the spatial order of elements in a limited way for each state
specification, computing. directly where possible. Further, when (P} and (§) were described in words by
the students' teachers, or by the students themselves, they were much more likely to solve the problems
accurately. Thus, it seemed that the s£udents understood the wmathematical relationship coded in the
problem, and were able to intellectually analyse it. They did not meaningfully read the probiem
specification, and relate the elements in the intended way, however, for some alternative problem forms
of (N). Why the subjects selected one strategy for making sense of the data {i.e., assuming the symmetry
described above) rather than another (i.e., interpreting relative spatial order in the intended way) is
net clear. It would seem to be related to the observation that the former strategy is used when the two
states differ only in one element. The present study examined the proposition that, for a particular
relationship, problem solution ébiiity depends on the unknown element. Rather than predicting a relationw
ship between the relative spatial position of the unknown element, and the difficulty of the problem
across all problem types, the present study proposes that the relative difficulty of a part&cuiar
unknown position is a function of the problem statement in which it exists. The foregouing discussion
would tend to suggest that, for (N}, problems with the unknown elements in the second and fourth spatial
pesitions, are more difficult than problems with the unknown element in the other two positions.

The strategy that many students use to decode the symbols and to relate the symbols, depends on the
information that they are exposed to defining the problem, Whether a spatial order interpretation

strategy, or an assumption of symmetry, is used to attach meaning to a symbolic statement coding a
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mathematical relatlonship, is proposed to depend on the particular element that is marked as unknown.
Method
Subjects: 120 ¢ohildren from grade four level to grade six level, were invoived in the study, wifh 40
from each level.
Materials: the mathematical statements used as a basis for the generation of the various types of test
stimuli, are shown in Table 1.
TABLE 1

BASIC MATHEMATICAL RELATIONSHIPS EXAMINED

EXAMPLE

TYPE RELATIONSEIP
SMALL NUMBERS LARGE NUMBERS
! a-b=a=b 7-3=7-4A 436 ~ 235 = 436 - A
2 a-b=(2a-b)-a 7-3=A-7 436 - 235 = [y~ 235
3 a-b={a~-c)+ 7-3=(7-5 + 436~ 235 = (436 - 362)
(e = b) 5 - M + (362 - A )
4 a-b+b 7-543=A 436 - 235 - 235 =

Using this set of stimuli as a basis, three types of variation in the problem statements were examined:
a. variations in the format used to code the relationship,
b. for symbolic statements, variations in the order of specification of elements,
¢. and variation in the element marked as unknown.
Three alternative formats were used to describe the relationship between the numerical elements; the
conventional symbolic format, a context format, and a games format. For the comtext format, the elements
constituting the mathematical relationship were embedded within a meaningful, non-mathematical context.
In this context, spacemen on Mars gathered and lost imaginary objects called bofs. Each matﬁematical
state was associated with the actions of one spaceman, the mathematical operations interpreted as
physical actions performed on the bofs. The numerical elements used in each problem statement did not
quantify nouns directly, but rather were grammatically marked as nouns., The context problem corresponding
to 7 -3 =A -7 was "BLl1 pleks up seven, and then loses three. Fred picks up some, and loses seven.
Both men end up with the same number." In the games format, each.staté was assoclated with a particular
person, and described separately, using conventional mathematical symbols for the numerical alements,
and words for the oparatiocns. The games format covresponding to 7 = 3 = A~ 7 was

Bill H 7 take away 3

Fred : zﬁ take away 7

Both bovse end up with the same number.
In this way, corresponding formats for each of the types in Table 3, were generated,
To examine variations in problem solution ability with variationm in spatial order of elements,
alternative re-arrangém@nts of the elements in Type 3 statements were generated. The stimuli for Typa 3
stétements, small numbers, was exemplified by
(71-~5)+ (-4,
(7 -0+ G- 35),

7 -3

i}

I

7 -3
Corresponding stimull were geneyated for statements with large numbers. Variation in probliem solution

ability with the element that is marked as unknown was examined by generating, for each type of
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statement, three alternative problems, in which other numericzl elements were matked as unknown.

Progedure and design. ALl problems were writtenr, and randomly arranged in a problem book. TFor each

problem, space was provided for the subject to show any working, and his answer. The stimuli were
administered during ferty minute intervals, with no time limit imposed on the total number of intervals
required to finish the problem book. As each student completed a page of problems, this page was
removed. All subjects exposed te all variations of each problem type. Each problem response was
assessed as correct, and earned a score of one point, or incerrect. The propertion of correct responses
for each problem type, and each grade level, was calculated, and used to examine the preliminary
nypotheses.

The preliminary analysis of results involved the calculation of the proportion of correct responses, for
each type of stateﬁent, for variations in the type of element and grade level.

Variation in the difficulty of the mathematical relationship.

The problem solution performance for each type of relationship, format, element type and grade level is

shown in Table 3.
PROBLEM SOLUTION ABILITY (% CORRECT) FCR EACH TYPE OF FORMAT

RELATIONSHIP ELEMENT FORMAT OF DATA PRESENTED
SYMBOLIC CONTEXT GAME

Grade level Grade level Grade level
4 5 6 4 5§ -

a~b= A -b SMALL . 81 84 91 90 95 90 100 100 100
LARGE 79 83 93 83 87 97 g2 93 95

a-b= A -2 SMALL . 27 37 57 _76 74 80 75 74 74
LARGE | 9 21 3 50 56 65 27 62 52

a-b= (a~c¢) SMALL g 13 39 9 9 7z 38 41 65
+ (o -A) LARGE o s 21 7 11 25 23 29 29
a-b+b= A SMALL 80 89 89 8 8 95 89 94 100
LARGE 33 45 50 50 58 64 42 84 87

As indicated across all conditions of format for small elements, and for the symbolic and games formats
for elements, the four types of mathematical relationships exhibil the same or@er of difficulty
with Types 1 and 4 easgiest and Type 3 most difficule. For_the context format, with large elements, Types
2 and 4 do not differ in difficulty for all grades, although for this context, Type 3 is still.more
difficult. l

The more general order of difficulty, observed across change in format, coincides with that observed by
Wines {1974), for corresponding problems expressed in conventional symbolic format. -

Variation in the problem format.

The date presented in Table 3 indicates that, for all types of relationships, at all grade levels, the
conventional symbolic statement was more difficult than either of the twe alternative formats. The
extent of this difference in difficulty was exawmined using a difference in preportions test for correlated
samples., The z-ratic for significant differences in performance between the conventional, symbolic

format and the alternative format for each relationship is shown in Table 4.
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TABLE 4

RELATIVE DIFFLCULTY OF PROBLEM SOLUTION FOR CONVENTIONAL

SYMBOLIC FORMAT IN COMPARTSON WITH THE OTHER FORMATS

TYPE OF TYPE OF GRADE 4 GRADE 5 GRADE 6
RELATIONSHIP ELEMENT gymbol symbol symbol gymbol symbeol symbol
game context ganme context game context
a-b=fA-0b SMALL - - - - - -
a~-b=Hf~a SMALL 3.98%% 3.98%% 3.04%* - 2,52%% -
LARGE - - 3.07%% 1,99% - -
a-b={a- ¢ SMALL - - 2.48% 2.26%  2.,66%% -
+ (e ~AD LARGE 3, 72%% - - - - -
a~b+b=A SMALL - - - - - -
LARGE - - 2,830k - 2.59 -
# ) (:.05
* p £.01

Although bofh formats facilitated problem solution performance, the games context facilitated
performance for z large number of coanditions. Those conditions under which the context format
facilitated performance were indicated within those under which the games format increased perfoymance.
The mathematical relationships identified as most difficult were those for which problem solution was
increased by coding in alternative formats.

Variation in the symbolic statement.

The problem solution performance for each type of variation in the position of inverse elements in
conventional Type 3 statements for small and large elements, is presented in Table 5.

TABLE §

PROBLEM SOLUTION ABILITY AND POSTTION OF INVERSE ELEMENTS, TYPE 3 STATEMENTS .

TYPE - FORMAT TYPE OF ELEMENT GRADE LEVEL
4 5 6
34 a-b = {ac) + (c=A) small 48 50 70
large 0 21 20
3B a-b=(a-f) + (c-2) small 67 79 96
large 33 75 65
3C a-b = a+ (c-c) —13 small 58 69 a0
17 5¢ 60

A test of difference in proportions for correlated samplies showed that Type 3B was easier than Type

3A for small elements at the Grade 5 level (Z = 2.9%9 p .01) aud at the Grade 6 level (Z = 3.09 p £.01),

and for the large elements at the Grade 4 level (Z = 3.85, p <ﬁ01), Grade 3 level {2 = 4.53 p £.01), and

Grade 6 level (Z = 4.31 p<:.01).

This date supports the hypothesis that the ability to reason equality of the two mathematical states is a

function of the syntax, or sywbol order, used to express the idea.
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Variation in the markedness of the unknown element.

The variation in problem solution ability‘with changes in the markedness of the unknown element, for
relationship types 1, 2, and 4 is indicated by the data pfesented in Table 6,

TABLE 6

PROBLEM SOLUTION ABILITY (% CORRECT) AND THE MARKEDNESS OF THE UNKONWN ELEMENT

TYPE RELATICNSHEP TYPE OF SPATIAL GRADE LEVEL
ELEMENT POSITION OF
UNKNOWN
1 a~b=a~-b small ay 88 90 95
b, 97 106 100
az 81‘ 84 91
b2 80 83 100
large ) 85 95 98
bl 88 89 180
ay 79 283 93
- b2 80 ?3 91
2 a-b = (Za-b) small a, 43 39 61
-a .
bl 77 84 85
(2a-b) 67 79 87
ay 30 37 55
large ay i3 25 32
bl 21 24 | 25
Za~b 9 31 46
32 10 21 36
4 a~b+b=a smail a, 28 75 77
i .
bl 33 58 85
b2 80 86 89
a, | 80 89 8%
large a, 37 45 54
bl 26 33 75
b2 21 48 - 68
az 33 45 . 50

The results support the hypothesis that variation in the element marked as unknown is related to problem

solution ability. For relationship 1, variation in the markedness of the unknown element did not affect

preblem solution.

Discussion

As indicated, relationship Types 2 and 3 were the most difficult for all formats for both swall and large
elements. This order of difflculty may be accounted for in terms of the relative demand made by the four
types on various mental abilities, including short term memory sbilities.

Patterns in the shown working suggested that, for Type 2 relationships, many subjects assumed a

perceptual symmetry based on the .assumption that equality of mathematical statements was conserved across







