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A study conducted in 3 regional Australian schooler two terms investigated the
impact of using two meta-cognitive tools: vee dags and reflective stories, on some
students’ mathematical understanding, competeneeliring problems and mathematics
attitudes is reported. During weekly workshopsgstis used vee diagrams to guide their
thinking, reasoning and reflections as they solwethematical tasks and communicate
their mathematical ideas and solutions. A Raschyaisaof student responses from tests
and questionnaires administered during the projeticated small practical differences
between administrations. However, qualitative dditained from the completion of vee
diagrams and reflective stories indicated someéstang cognitive developmental trends
as students adapted the meta-cognitive tools tifotdheir problem solving, thinking,
reasoning and communication of their reflectionsutbearning mathematics. Findings
have implications for improving students’ reflects®n thinking and reasoning in
mathematics learning and problem solving.

Keywords assessment, problem solving, mathematics comgeteritical thinking,
reasoning, reflection

Introduction
Low numeracy competencies and poor attitudes tesvarathematics are usually the hallmark

of a number of educationally disadvantaged (ED)dbid/ears and junior secondary students
who leave school at the end of Year 10. Accordinthe Department of Education, Employment
and Workplace Relations (DEEWR), educationally disataged students are those who are at
risk of not meeting national benchmarks by the ehd/ear 10. Subsequently, a pilot study,
funded by DEEWR (2009) was conducted in 3 New Soltdes regional schools to provide
support to a group of ED students in improving tmeimeracy and literacy outcomes and their
attitudes towards mathematics. The project spadlfidntroduced innovative learning tools to
assist the targeted ED students improve theirsshill critically analyzing, interpreting and
applying their existing mathematics knowledge amlarstanding to solving mathematical
problems and conducting mathematical investigatibtence the project purposefully explored
and monitored the usefulness and impact of the amdbinnovative usage of two meta-cognitive
tools: vee diagrams and reflective stories, oneitgl abilities in solving mathematical tasks

(problemsor activitieg and attitudes towards mathematics. Specificaityoduced as means of

! This project, funded by DEEWR under its Literacydadumeracy Scheme, was conducted whilst the awttasr
employed at the University of New England, Armida&estralia.



prompting students, the meta-cognitive tools asdisitudents (ajo understand the tasky
identifying the given information and the mathemstinvolved in terms of concepts and
principles and then routinely using this knowledge&letermine relevant procedures and plausible
solutions, (b)to devise and implement a pldy using a vee diagram guide the analysis,
present, justify, and illustrate results of conceptinalyses, and (&) look back over the solution
path and by using concept lists and prompts, compadisectiwe stories that are situated in the
task. In so doing, students were expected to damabastheir mathematical literacy skills by
interpreting and then communicating their undedita;m of the meanings of, and
interconnections between, mathematical concepts methods and how these were applied
contextually to solve mathematical tasks.

The focus question for this paper What impact, if any, did the use of vee diagramd an
reflective stories have on students’ abilities tdve mathematics problema®hile the paper
presents the relevant data (i.e., students’ tessiteeand their qualitative responses to reflective
prompts as a consequence of their workshop aesyijtthe attitudinal data is reported elsewhere
in Afamasaga-Fuata’i (2009, 2010). The theoretabkpectives guiding the overall project and
its design and methodology for data collection@mesented next followed by the presentations of
students’ test and reflective story data, its as®dy discussion of results, and main findings.

Implications for learning mathematics are also ffed.

Theoretical Perspectives

Guided by a constructivist theoretical approack, pihoject investigated ways the ED students
built on their cognitive structures and developeskp understanding of mathematics while
constructing vee diagrams and composing reflecsitagies. Theoretically, the constructivist
perspective defines meaningful learning (ML) asr@® in which students are actively engaged
with the construction of their own meanings anduding the opportunity to communicate these
meanings variously for evaluation and assessmeawép, 1938, Vygotsky, 1978). As similarly
conceptualized by Ausubel’'s cognitive theory (2000fL also involves deliberately making
connections between new knowledge and existing ladye thereby generating a reorganization
of students’ cognitive structures and/or resolut@ncognitive dis-equilibriums to assimilate
and/or accommodate this new experience. As a coeseg of these cognitive
reorganizations/resolutions, meaning is, and can doeated for the student. According to
Gowin’s educating theory, if this creation/resadatiof meaning is accompanied by a “feeling of
significance” that the meaning is grasped, thamwitld lead to further actions and choices by the

student. Also relevant is Gowin’s educating the@®$81) which provides significant theoretical



bases for the epistemological vee diagram usekemptoject. Furthermore, the educating theory
makes more explicit the roles of: (a) “feeling” @t of the process of meaningful learning and
(b) inherent responsibilities of, the learner tarte and, the teacher to teach, meaningfully. For
the innovative strategies introduced and subseqemriuragement of students’ communication
of their own thinking and reasoning, Vygotsky's cepts of the zone of proximal development
(ZPD) and language use in social communications iatetactions, are considered equally
relevant in guiding workshop activities and makasmse of students’ actions and responses.
Underpinning the epistemological vee (a V-shape, Gewin, 1981) are the principles of
Gowin’s educating theory to guide thiginking andreflectionsinvolved inmaking connections
between theonceptual structuref a discipline (as displayed on the left-hand sifithe vee) on
one hand, and itmethods of inquirydisplayed on the right-hand side of the vee)rendther, as
required for the investigation and/or analysis gh&nomenon or event (at the tip of the vee) to
generate new knowledge claims as answers to sarns fpiestions (positioned at the top middle
of the vee). To specifically guide thikinking andreasoninginvolved in mathematicgiroblem
solving the original epistemological vee was subsequentigified as shown in Figure 1 (see
Afamasaga-Fuata'’i, 2008, 2005, 1998). For exanthke, Thinking' side on the left, depicts the
philosophy of, or one’s personal beliefs about, thecipline and the theoretical framework
driving the investigation/analysis of a phenomegweant to answer some focus questions whilst
the ‘Doing’ side on the right, are the given information/netsy methods of transforming the
records/given information to generate some anseierew knowledge claims and value claims.
By regularly completing vee diagrams within a ctassn setting over a period of time, students
are enculturated into building on their cognititeustures and deepening their understanding of
the interconnections between mathematics princigies concepts on one hand, and (multiple)
methods of solutions on the other. As well, the amtpthese cognitive constructions and
developing understanding have on students’ perfocmawith mathematical tasks can be

transparently monitored over time.



My Thinking Side : My Doing Side
Focus Questions

What are the questions
1 need to answer? -

What are the most useful things
I learnt?

Why 1 like Mathematics?

Check your

What are my answers to the
What general rules and westions?

definitions do I know aiready?

work
on both sides

How do I use the given information and
what I know already to find my answers?

What are the important ideas?
What is the information given?

Figure 1 Mathematics problem solving vee diagram

Methodology

Using a single-group research design, the projemtitored the impact of the usage of vee

diagrams and reflective stories on students’ &slito solve mathematics tasks and attitudes
towards mathematics. Whilst a pretest-posttestarebestrategy was used to enable attitudinal
data collection at the beginning and end of thgeptpan interrupted time series design model
was utilised to enable repeated measures of stidaathematical competence on a mathematics
test at 3 different points (Wiseman, 1999). To ewpl students’ developing mathematical

understanding and proficiency in solving mathensdttasks, their qualitative responses to vee
diagram guiding questions and reflective promptsanduworkshops were collected throughout

the project.

Selection of Year 10 and 7 Students

Secondary schools in the vicinity of an Australiagional university were invited to participate

in the project with 3 schools accepting the inuitat About 30 eligible Year 10 ED students were
selected (more or less 10 students per school)edbam their mathematics teachers’

recommendations. Students were informed of thelabtai opportunity for extra assistance in

mathematics and that they could withdraw any tineenfthe project without prejudice. Due to

the early withdrawal of a group of Year 10 ED studefrom School C, subsequent negotiations
resulted in the recruitment of about 10 Year 7 Eldents so that at least some junior ED

students from the same school could benefit froerettira assistance.



Data Collection Procedures

Mathematics Test- The 39-item mathematics test used in the projexs developed, in
consultation with the mathematics teachers andptiogect’s critical friends, with the items
mainly adapted from the publicly availabdSW 2006 School Certificate Specimen .TAfier
piloting testing with a different group of Year &fudents, the final test consisted of a mixture of
short answers and multiple-choice questions thaldcle completed in one-hour. The questions
were typical of those often used in school cedificexaminations. Content areas covered by the
guestions included: circles; number sense incluginomber relationships, patterns, operations
with whole numbers and fractions, percentage, @tid proportion, indices and exponentiation;
patterns and algebra; data representation andsisiatyeasurement: area, perimeter, volume and
time; probability; geometry; and statistics as pribged by theNSW K-10 Mathematics Syllabus
(NSWBOS, 2002).

Workshops - These were offered, throughout Terms 2 and 37 2@0a group of Year 10 and
Year 7 ED students from three schools, as extiatasse in mathematics. A workshop was held
at least once a week over two school terms for eabtlool. The researcher participated in all
workshops assisted variously by student teachersS¢hools B and C) and in addition, a
schoolteacher in School A. The sequence of mathesnadbntent for the workshops varied and
was dependent on the current topic covered in selgbol. This content selection was deliberate
primarily so that workshop tasks were designedtmmlement and provide additional support for
the topics taught and learnt in their normal mathiire classes. Content covered included:
indices and exponentiation, financial mathematitiscount, selling and cost prices, profit and
loss, wages, hourly rates, tax deductions, grodsatpay), statistics (frequency, column graphs,
range, mode, median and mean), probability, gegngsimilar triangles) and basic trigpnometry
(sine, cosine and tangent).

The first workshop focused on introducing studeatsee diagrams, its different vee sections
and specific guiding questions and demonstratireg gfocess of how a vee diagram may be
completed using a simple mathematical task. A simdpproach was also adopted for Tre!
Your Own Stor{TYOS) prompts. Initially, partially completed veleagrams (i.e., by providing
entries for section®roblem, What is the given informatioafdWhat are the main ideas@ere
given to students whilst their task was to compthaterest of the vee sectiori®dy encouraging
students to think and reason from task descriptiassthey interpret their contextual and
mathematical meanings, they identified main ideabsthen by using main ideas as prompts, they
searched their existing patterns of meanings fer tblevant general rules and appropriate

methods that can potentially generate solutionsaasevers for the problems’ focus questions.



Weekly workshops involved the completion of veegdians (vees) of problems/activities
followed by completion of the TYOS sheet. Workshagks were often a word problem to enable
students to practice and be proficient with thecpsses of identifying mathematics concepts and
given information and/or inferring relevant pringp and methods from the given task
description. Students worked collaboratively inrpaismall groups or individually, solving
mathematical problems and conducting activitiesacher support and semi-structured vees and
TYOS sheets to focus workshop activities were mhedito guide students' work. Students were
also invited to pose their own problems as chabietagks for the application of the vee diagram
and/or for the others to have a go at solving.

Data Analysis

This section describes the analyses of the daa (hathematics test and reflective responses)
relevant to the focus of this paper. The questimandata and test results were each analysed
separately using the Rasch Unidimensional MeasureMedel (RUMM) (Rasch, 1980) and the
software Quest (Adams & Khoo, 1996). Whilst thesgfionnaire data is reported elsewhere (see
Afamasaga-Fuata’i, 2009, 2010), the test resutts ihe basis of this paper.

Mathematics Test Results

Responses to test items were scored 0 (incorredtrarrect (either 1 or 2) to indicate partial
and/or full credit for successfully completing den (i.e., variable: mathematical competence).
These scores were then added across all test i@rgs/e each person a total test score to
summarise a student’s responses to all items. Sngnthé item scores to give a single score for a
person implied that the items were intended to mmeas single variable, often called a
unidimenisonal variable

The Rasch Model arises from a fundamental requingrtieat the comparison of two people is
independent of which items may be used with thefseéems assessing the same varialtlés
considered that the researcher is deliberatelyldeivey items that are valid for the purpose and
that meet the Rasch requirements (Rasch Analy8i35)2 A Rasch analysis gives a range of
details (e.g., infit mean squares [ims] and stadidad infitt [infit t]), which checks whether or
not adding the scores is justified in the datasTibicalled théest of fitbetween the data and the
model.

If the data do fit the model adequately for thepmse of the test, then the Rasch analysis also
linearises the total score, which is bounded byn@ the maximum score on the items, into
measurements. The linearised value (in logitsheddcation of the personn the unidimensional

continuum — the value is called @&stimatein the model and there is one estimate for each



person. (Rasch Analysis, 2005; Bond & Fox, 2001).oF the data to the model is therefore
paramount and suggests items are working togethesistently to define an interpretable
construct. The Rasch analysis also provides sépanaliability indices to indicate how well the
items and persons worked consistently to produtid reeasures of the underlying variable.

Reflective Responses

The response data from vee diagrams and reflestorées, on the other hand, were analysed
qualitatively. Students’ responses, from both Yd#&rsand 7 students, were collated and recorded
in a spreadsheet in preparation for the identificadf main categories. This paper reports only
the Year 10 students’ test results and Years 107astlidents’ responses to relevant vee and

reflective prompts.

RESULTS

Test results from Year 10 students are presentst féllowed by qualitative responses from

Years 10 and 7 students to relevant vee diagrantath®four Own Storprompts.

Year 10 Mathematics Test Results
Data’s Fit to the Model & Reliability Indices

Results from all three tests wepeoled and analysed using the Rasch Model to daterm
the fit of the data to the model. Item ims indicatkat only two items had values outside
of the acceptable range (i.e., 0.7ims 1.33). These are:
Item 23 (imgem > 1.33 = 1.81)$500 is invested for 2 years at 10% per annum,
simple interest. Calculate the total interest earnehich was behaving
erratically and Item 21 (imsn < 0.77=0.45):A sequence is formed by adding

two previous numbers together. Fill in the two mmgsnumbers in this
sequence: 4, , , 2fas too predictable

Despite the misfits, the theoretical principles emying the diagnostic test and driving
the innovative strategies support their retentianthe analysis. These items were
exemplars of challenging word problems studentaulshtearn to critically analyse for
the underlying mathematics; by routinely interprgtithe meanings of main ideas
mentioned in the problem statement (e.g., simpler@st and sequence) and by
systematically seeking out relevant principles ar&hods to assist with the development
of plausible solutions. In so doing, students woatohtinually hone their critical and
analytical skills in problem solving. Theoreticatpnsidered (Bond & Fox, 2001), the 2



misfit items were retained in the analysis. Overhlé average ims (mean = 0.99, s.d. =
0.22) and average infittmean = 0.01, s.d. = 0.94 compared to acceptahlevaf O and
1 respectively) corroborate the fit of the testadatthe Rasch Model.

One item had zero score indicating that no ondtgmirrect in any of the three tests.
For example:

Item 6: Sergio said “If | toss 2 coins, | can geh@ads, or 2 tails, or a head and
a tail. Therefore, the probability that | get 2 hisais 1/3.” Is he right? Explain
why.”

One person had zero score; the student was frersctiool that withdrew.

Rasch statistics showed a relatively higher itepasgion reliability index (0.75 logits) than
the person separation reliability index (0.52 IsgitThe item/person distributions (see
variable map Figure 2) showed there were not aglglfior least competent mathematics
students to reliably separate out the respectigenst at the extreme ends of the
hierarchical continuum. Ideally, more students ardss-biased sample (i.e., not just the
ED students) with a wider range of abilities woutdprove both item and person
separation indices. Most persons nonetheless vaditeated to be around the middle (= 1
logits) and towards the lower end of the logit sc@t -1 logits) with a relatively more
spread out item distribution along the continuurar the purposes of this projechet
cases were sufficiently separated around and bélevmiddle of the continuum by the majority
of the items as shown in Figure 2. Also, the Crahbalpha value (0.76 compared to the
maximum value of 1) indicated the extent to whitle items were internally consistent in
measuring the underlying construct. These staidtieliability indices and Cronbach alpha)
corroborate to indicate the extent to which themgteworked together to measure a single
underlying construct, and the persons who attemiftedest performed in expected ways with
the majority located around the middle of the amntim.

Year 10 Mean Ability Comparisons

Not all of the 3 schools sat all 3 tests (pre-,-miad post-tests). While School A students seg all
tests, School B students sat both the pre- andtesist with only one student sitting the mid-test.
On the other hand, School C Year 10 students $atlom pre-test before voluntarily withdrawing
early in the project. Given the differential stutlewumbers by school, it would be more
informative to examine more closely School A’'s periance across all tests followed by a
comparison of School B’s performance with the pmed post-tests while School C’s contribution



would be enlarging the number of students who tibekpre-test. To determine anchor values of
items to be used for ability comparisons in subsatjtesting, pre-test results from all schools
were pooled and analysed. Provided in Table lassmmary of student numbers per school
including the relevant statistics (mean and stahddeviations) generated after conducting
analyses of mid- and post-test results anchoreth®pooled item estimates from the pre-test to

better gauge trends over time.

Iltem Estimates (Thresholds)
allon al I (N =64 L = 39 Probability Level=0.50)
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Each X represents 1 students

Figure 2 Variable map for the pooled test results



Table 1a

School Sizes, Mean Abilities and Standard Deviation

School Pre-test Mid-test Post-test

A N=13 N =10 N=9
Mean = 0.17 Mean = -0.84 Mean = 0.09
s.d. =0.50 s.d. = 0.65 s.d.=0.54

B N=9 N=1 N=11
Mean = -0.23 Mean = -0.41 Mean = -0.52
s.d. =0.72 s.d. =0.73

C N=12 withdrew withdrew
Mean = 0.51

Table 1b

School’s Practical Differences (Cohed'$ Between Test Administrations

School Pre-test vs Mid-Test Mid-test vs Post-test re-tBst vs Post-test
A Cohen'sd =-1.74 Cohen’sd = 1.56 Cohen’sd = -0.15
strong strong small
B - - Cohen’sd = -0.40
small
C n/a n/a n/a

As a group, School A showed a decrease in its nabdity estimate by the mid-test and a
strong practical difference as indicated by Cohehn’'6€Cohen, 1988) (effect size = -1.74) with a
positive trend indicating a strong practical diffiece (effect size = 1.56) between the mid-test and
post-test. In contrast, when performances betwieerpte-test and post-test were compared, the
practical difference was negatively small (efféees= -0.15); see Table 1b for a summary of the
results and Figure 3 for graphs by school whera dais available.

The decreasing trend (Figure 3) in the first lwdilthe project as measured by the test items
appeared to reflect difficulties not only potertiatelated with the innovation but also the
mathematics covered in the test. In contrast, inlatter part of the project (between mid- and
post-tests), the trend was more positive suggestimgnfluence of the focused attention on
developing students’ mathematics competence asrssdpplied and consolidated their new
knowledge and skills using the meta-cognitive sygs and tools in the workshops and in
conjunction with learning in their normal matheraticlasses. For School B, students
performance also showed a decreasing trend bettieepre-test and post-test results albeit it

was only a small practical difference (effect siz€.40).



Mean Ability Estimates by Test
0.6
0.4 0.51
0.2 =
0 0 } /
02 : \\ /ﬁ),og
-0.4 073 School A
06 \\ // School B
0.8 v -0.52
-1 -0.84 SchoolC
Pre-test Mid-test Post-test
School A 0.17 -0.84 0.09
= School B -0.23 -0.52
School C 0.51

Figure 3.Schools’ Mean case estimates for the 3 tests.

Overall over time (mid- to post-test), School B&sults demonstrated a relatively strong
practical difference followed the initial practibabtrong downtrend of mathematics performance
and intervention as students’ proficiency with ihieovation became more developed along with
their mathematical knowledge and understandingnduthe comprehension, application and
consolidation phases of adapting/adopting the iatie¥ strategies for solving problems.

A comparison of pre-/mid-/post-test estimates iathid some items became easier by the post-

test and others became harder (see Table 2).



Table 2

Pre-test to Post-test Item Estimate Variations -- Easier and Harder items

3ecame casier

Became harder

Ttem 3: "The shaded arca (of a piven circle) is cafled (a sgetar)
Item 14: Wrile 2 number in the box so that the expression
{_+3¥8 has a value between | and 2.
ftem 11 Arrange these scores into a stem-and-leaf plet: 14, 17,
20,22,23,23.24, 33,
ltem 20: Khadja thought of a number, She doubled the number,
then subtracted 3. The result was 57, What was the
numbier Khadija thought of?
What is the number halfway between -4 and 67
ltem 16: Adele sells cosmetics, She is paid by commission,
Briefly explain the meaning ot commission.

ltem 1:

[tem 35; What is the perimeter of this rectangle {sides x and
1037

ltem 9: Calculate thesum 3+ 4+ 16+ 17+3+4+16+ 17+
J+4416+17

llem 5: 2.13+003=

lten 15; Write 3 in two differenl ways.

ltem 26:  Abdul wrote the following lines of working to solve
the following equation 5x + 7 = 16, Line 1. 5x=16-7,
line 2: %=9; Line 3; x=9/5; Line 4. x=1 4/9. IN
which line did he make an error? (a) Line 1 (b) Line
2 (c) Line 3 (d) Ling 4.

liem 27: Which of the following could represent the probability
of an event that is likely to occur? (3) /9 (b) 2/5 (c)
W (d) 4/5.

Item 10: I 12 x 167 = 2004 then 24 x _ = 2004 The missing

valug 157

More than one triangle car be constructed with sides

6em and 8 em and an angle of 40% AXYZ is one

example. Label the given triangle such that it is NOT

congruent to AXYZ, and has sides 6cm and 8cm and

an angle 40°,

Which of the following could represent the
probability of an event that is likely to occur? (a) 1/9
(b} 2/5 () b2 (d) 4/5.

Item i3: The diagram shows a wrapezium, Describe how you
would find the perimeter of the trapezium.

liem 22: What is the greatest number of 60 cents checolates 1
can buy with $10?

Ttem 14:

item 28

ltem 17: Write the next line of this pattemn IxZx3xd+/=5,
Dxdxdxi+i=1, Ixdxdx6+i=19 dxSxbx7+1=2,
Iem 2 fix !fﬁ.;

jiem 24 A sequence is formed by adding two previous mumbers
together. Fill in the two missing numbers in (his
sequence: 4, _, _, 22,

Iiem 25
Ttem 29:

In which of the solids is the cross-sectien a triangle?

Darren has $100 in his bank account, and he saves §5 cvery
week. How much will he in his account afler 7 weeks? (a) 100+
Sx7 (b) 100x7 +5x7 {c} 100x7 + 5 () 100+ 5+ 7

Item 18; Compete the next line in the pattern. 3 x 107 = 300:3 x 10' =30:
3x10%=3;3x10"=03;3x107=0.03.

Item 8: The rain trom Armidale to Sydney takes 7 hours 20 minutes. [t
leaves Armidale at 10,14 am. What time does it amive in
Sydney?

Item 34: When he climbed a 60m tree, Ross climbed 140 rungs an his
ladder. He plans to climb a 75m tree. How many rungs will be
on the ladder?

Item 24: Simplify 21 % 2% () 2° (b)2° (cM* (d)4°

Item 37: Which ene of the following containers could held ' litre of water

without overflowing?

Which number in the box is smaller than 870, and greater than

540, and even and divisible by 3?

Ttem 4: The area is bourded by two radii and (an arc).

Iltem 32: EFGH is a parallelogram. MH i perpendicutar to LF. Which of
the following lengths can be used to find the area of CFGH?

Ttetn 12: In question 11, the mean of the scores is 22. Change any one of the

scores to make the mean 23,

Item 7:

irem 39: Michael won 3246, He dunated one third of his winnings to
charity. He divided the remainder between his savings and his
invesiment account in the ratie 3:5. How much did he deposit
in his squings account? (u) 336 (b 364 (c) 590 (d) 3106,

Item 36: The balances show relationships between the masses of three
objects. Which of the following shows the rthree objects
arranged from heaviest to lighvest?

Itern 6: Sergio saith: “If T toss 2 coins, I can get 2 heads, or 2 fails,or a
head and @ tail. Therefore the probubility that I pet 2 heads is
1/3.7 Is he right. Explain why.

Item 23: $500 is invested for 2 years at 10% per annwm, simple
interest. Calculate the total intercst earned.

Item 31: Simplify (3a’ x42%)/2a

Item 38: The table shows the frequencics for a set of scores. What is the
mean of this set of scores? (1) 22/5 (b} 47/5 {¢) 47/15 (d)
47/22.

[tem 33: The diagram shows part of a line, Which point is closest to
3.157

Item 30: Alice is going to use this paftern fo pave ker courtyard. She is
golng te pave an area of 12 m. How many 20 cm x 1 cm
pavers will she need? (a) 75 (b) 150 (¢} 240 (d) 600.

For the former, items were those requiring recélkmowledge facts and involved simple
applications of 1- or 2-step procedures with sonsep reasoning and extension of patterns
items whilst for the latter, items involved multep procedures and relatively more complex
reasoning including the addition of simple fracipwhich most students did not seem to know.
Overall, it appeared that students’ mathematicalopmance (as measured by the test) did not
show any practical improvement over time. Data ttamonstrate how the vee and TYOS
strategies may have impacted or not, students'amattical abilities and attitudes are presented

next.




Year 10 Qualitative Responses

Collected from the Year 10 and Year 7 studentshbyeind of the project were 160 vee diagrams
and TYOS sheets. Students’ responses to vee and&STpf@mpts were intended to substantiate
findings from both the questionnaire and testollofved then that the variables: “mathematics
attitudes” and “mathematical competence” would peva useful framework to organize any
emerging categories. For example, the categg@stive/negative attitudeand highly/least
competentwere used for this purpose. Furthermore, respondish illustrated theémpact of
using the vee/TYOS strategi@s students' thinking, reasoning and acting wese alentified.
Data from the group of School C's Year 7 ED stuslémt10), were analysed separately, and are
presented after those for the Year 10 ED students.

Impact of Vee Diagrams on Problem Solving

Over the duration of the workshops, students’ rasps to the TYOS promptThe vee diagram
helped me to.appeared to follow a 3-stage general developnhéedianing trajectory, namely,
(a) Stage 1 — Initial Confusion, (b) Stage 2 - Coghpnsion and (c) Stage 3 - Application and
Consolidation. Supporting quotes, categorizingdhstages, benchmarked students’ developing
proficiency with vee diagrams and evolving selfeefive evaluation of their proficiencies both
with the process of completing vee diagrams andessfully solving problems.

Stage 1: Initial Confusion In spite of the advice provided to students tha tee
diagram strategy was simply a means of helping thgstematically think through a problem
before they actually solve it, for many of themeithinitial encounter was of confusion.
Understandably then, most comments at this eadgestvere of confusion and reluctance to
change from a traditional sequential list of quesi(e.g., ih no way as | prefer work set out like
this” (BF, W4)) to a visually organised and interconteelc vee structure that, strategically,
separates the conceptual information from the maimkthodological aspects of solving a
problem, whilst simultaneously highlighting theitérconnectedness.

While the sectionsWhat is the given informationand How do | use the given
information and what | know to find my answera® first glance may appear trivial for some
tasks, completing the left-hand side with the rateéwconceptual information (i.e., sectiokighat
are the main ideas@andWhat general rules or definitions do | know alreddwas not always
easy for students (i.e.d6 nothing because | got confused and gave(dp, W6)). These were
the two vee sections which caused much confusionapity because students were not used to
being asked to identify and describe the main nmattieal concepts or mathematical principles

that either underpinned methods of solutions ifltteer were readily evident (i.e., easy to solve



problems) or were potentially relevant and applieab guide the development of a solution if
one was not immediately possible (i.e., differentlifficult problem).

Stage 2 — ComprehensionReflective comments in subsequent workshops ateit
students were becoming more or less comfortable wsing the vee diagram as a structure to
display the relevant and required conceptual infdirom underpinning their solutions to given
problems. For example, they found the vee diagrasisted them to figure out and solve the
problem. For some students, following a chronolaggequence of completing the different vee
sections (when numbered from 1 to 9 on the vedjadad their thinking and reasoning more
readily, step by step, thus enabling them to bettelerstand the question and hence successfully
solve it. Some examples of supporting commentgHisr stage are:l“am now able to identify
where they (concepts) are used and can do thenve(siile problem) myselfSM, W4);
understand each stad&M, W6); understand and understand how | ended up with tievar
(volume, surface aredsM W7);learn (SM, W9)”

Stage 3: Application & Consolidation Successfully completing a vee diagram and
solving a problem resulted in positive experienedsich further prompted students to request a
repetition of similar questions so that they coblgild upon these positive experiences and
continue to consolidate their new found understagdind possibly extend it beyond to different
problems (Solving problem. | would like to repeat same questo understanig [MS, W12]).
Overall, the impact of using vee diagrams, basedhenevidence of their reflective responses,
appeared to follow a 3-stage developmental leartiagctory as students grappled with the

innovation.
Mathematical Reflections

The TYOS prompt: learnt..” encouraged students to express and communicgiterdflective
understanding, of the mathematics that was appledolving the problem, by using the
appropriate language of mathematics (i.e., litefiaepathematics). An analysis of responses
revealed 4 categories that were primarily rela®dl) recounting stepsn solving particular
problems, (2) describing theverall planfor solving the problem, (3) explaining thennections
they made between general rules and methods dis®uand/or (4) articulatindefinitions of
main concepts. These were indeed satisfactory mésolt was clear at the beginning of the
project that the two most challenging sections wdérhat general rules or definitions do | know
already?andWhat are the main ideasThe next challenging were the reflective prongiteut
students' learning and perceptions of mathemaiigsrall, students initially communicated their

understanding basically by recounting steps/proeedused, or describing their overall plan, in



solving the problem but over time, their commurimat evolved and became extended to
making connections between general rules and rdaamsion the conceptual side of the vee (left-
side) and their methods on the doing side (rigtié)siThat is, the completion of vee diagrams
required that students explicitly interrogate theeirelationships/interconnections between the
conceptual and the methodological sections withéndontext of a mathematics problem. Finally,
students’ use of the appropriate mathematics layguia their reflective responses also
progressively evolved over time as evident by tteedasing frequency of mathematical terms in

their written narratives.
Problem Solving Reflections

Besides globally stating that the most difficulttpaas ‘doing the problem” or “figuring out the
problem”, most common responses to the TYOS pronipe most difficult part of solving the
problem ...were primarily the identification of, and artictity what, the relevant mathematical
principles would be for given tasks as regularlyuested for the vee sections, nam&hat are
the main ideasandWhat general rules or definitions do | know alread@verall, it appeared
students found the practice and process of idémjiand communicating their relevant prior
knowledge (in terms of general rules, and main epts), and making connections (to relevant
methods used) as required for vee diagrams, igitiahusual and difficult. Having to look back
over their solution paths and then communicatirgr tteflective understanding of their strategies
as responses to vee/TYOS prompts was also chalgngNonetheless, progress was
demonstrated as students grew accustomed to the toedo so for the completion of vee
diagrams and TYOS sheets. It was further evideat #tudents’ prior knowledge of basic
mathematics concepts (e.g., percentage, areas avhgjec shapes and averages) appeared
thoroughly challenged when required to articuladéevant general rules and definitions as

justifications for their methods.
Problem Posing Reflections

This TYOS prompt Describe a problem that you would solve using the giagram was an
opportunity for students to pose their own questifstam any topic they were interested in either
based on what they were currently doing in theimm mathematics classes or as a result of
solving workshop problems. Subsequent responsesaply reinforced the types of problems
used each week in workshops, revision types ohtjiglifferent ones. For example, one student
wrote: ‘1 would like to do the same problem as | did théeelvexcept a little different so | know |
totally understand” (MS, W6)Overall, the practice of inviting students to pgseblems was

unusual.



Year 7 Qualitative Results

Data from the Year 7 students included their respsnto vee prompts and investigative
activities. Most of the responses to the vee profiigathematics is ".were quite negative:l*
don'’t like mathemati¢s(DS1, W2); ‘Boring’ (DLO, W4); “Boring’ (DNM, W2); “Crap who
said | dd (DNM, W5); “Sometimes | do enjoy working out but mathematiasots whilst
comments for the vee promptt tearnt that ..”, namely, ‘Not much (DS1, W2); ‘Nothing’
(DNM, W2); “Nothing” (DNM, W5) speak for themselves.

Initially, for these Year 7 ED students, it was liidy clear that their attitudes to
mathematics were fairly entrenched and that theggied and believed that they were not
learning much in mathematics classes. However, subsequent workshops, as they solved
problems guided by the vee structure, their comsbatame a bit more revealing of what they
were learning as a result. For example, for the $Yfompt: f learnt that..”, they described
that they were at least learning some mathematicatepts and how these were applied in
solving a problem. Overall, in spite of their ialtinegative reactions to the vee diagrams, and
constant articulation of their dislike of mathematiYear 7 students indicated flashes of interest
in learning some mathematics. The latter were @adily noticeable when responding to simple
guestions that were posed to encourage reasomingtfre problem statement and/or seeking out
multiple ways of solving a problem. It also becaapparent that some of these students had very
entrenched negative attitudes towards mathematidssahooling in general, and indeed have
already decided that they would not continue affear 10 and saw no reason to continue
studying mathematics. It appeared therefore thedetfED students already had well-developed
negative mathematics attitudes even as early as¥ea

DISCUSSION

In accordance with thélational Goals for SchoolingThe Adelaide Declaratign the project
attempted to assist ED students to develop motg fakir potential capacities and skills in,
analysis and problem solving and ability to commateé ideas and information, to plan and
organise activities and to collaborate with otresghey work and communicate mathematically
during project workshops. Through the constructimnvee diagrams and composition of
reflective stories, students were encouraged teesto attain high standards of their numeracy
and literacy expressions of knowledge and skillshaf mathematics underlying problems and
activities.

The presented data provided evidence from the metties tests and vee/TYOS prompts that

students, initially, demonstrated that it was &utio put forth effort when their previous



mathematics experiences did not always produceltsetat were considered desirable and
positive. The following discussion of results isganized around 5 main findings, namely,
students’ (1) developmental proficiency with thedmative strategies, (2) overall mathematics
competence, (3) problem solving skills, (4) mathtéoal reflections, and (5) entrenched

mathematics attitudes.
Students’ Developmental Proficiency with the Innduge Strategies

When confronted with the innovative strategiestet beginning of the project, students felt
apprehensive and confused; they considered it it@ppras expected, that they understood what
needed to be done to successfully complete thendagks. Some students who enjoyed solving
mathematics problems the traditional way resentamipieting vee diagrams that addressed
challenging concepts as the focus of workshop ta3kwrefore students’ proficiency in
constructing vee diagrams and completing TYOS ptsrdf not happen overnight. Instead, the
evidence suggested a 3-stage developmental treni thpically the case when introducing any
innovative idea, students were initially confus&thfe 1); they needed time to make sense of the
strategies and to determine for themselves howinthevative strategies relate to their regular
work in their normal mathematics classrooms. Howewwer the course of the first few
workshops, with appropriate teacher support anfladdang, these initial confusions evolved into
comprehension and understanding (Stage 2) as studissrnt about, and adopted, the new
strategies to mathematics problem solving. Studentiser noted that, unlike their usual problem
solving activities, the completion of vee diagramsgjuired that they also make explicit the
relevant conceptual information in the form of maoncepts and guiding principles on the left-
side of the vee. In addition, students realized thay needed to reflect more deeply and more
regularly about their answers and solution pathwsyshat they are able to provide appropriate
responses to the various vee and TYOS promptsrédsigely with more workshops, students’
understanding of the innovation matured as theyatmec more proficient and comfortable
applying the thinking, reasoning, justificationdameflection that is necessarily part of completing
vee/TYOS prompts until eventually, they advancetbdhe application and consolidation phase
(Stage 3). Overall, students’ proficiency with thee diagrams and reflective stories evolved
developmentally in 3 stages, namely, (1) confusimmd then (2) comprehension and
understanding followed by (3) application and cdidstion. Moreover, students also noted the
importance of providing the relevant conceptuabiinfation underpinning their methods and

communicating their mathematical reflections.

Students’ Mathematics Competence



Students’ overall mathematics competence (for Schpas measured by the 3 tests appeared to
dip initially (strong practical difference) befoimproving overtime (strong practical difference).
Further item analyses indicated that, studentsdat@ms involving recall of knowledge facts and
applications of one- or two-step procedures reddyiveasier but struggled with problems
involving complex reasoning, addition of fractiomsd multiple steps. In general, item analysis
evidence suggested difficulties with (a) certainteat areas and/or (b) items involving complex
analysis and application of multiple proceduresesehtwo findings from the overall test results
were also demonstrated during the course of thiegrby students’ performance with workshop
mathematical tasks. More specifically, whilst studé developmental proficiency with the
innovations followed a positive learning trajectosyudents’ competence and confidence with the
mathematics underpinning the problems and actév/ftigctuated. It varied differently, depending
on the type of task and particular content area. tRe latter, it depended on its recency of
coverage in their normal mathematics classes agid fhevious successes or otherwise, with it.
To address these emerging concerns at these pbintxertainty, the reasoning and analysis, as
embodied by the vee’s guiding questions, was dffévestudents (facilitated by the teacher in the
beginning with students progressively taking masponsibility as they became accustomed to
the strategies), as a means of systematically mgakémse of the task description and making
connections to their existing knowledge. As a cqnsace, students’ difficulties with content
areas (e.g., fractions and percentages) and/otypskwere specifically addressed in subsequent
workshops with appropriately designed mathematashs.

By conceptualizing mathematics competence as linkediteracy in ways that enhance
students’ abilities to communicate and negotiatammgs, then literacy-in-mathematics (i.e.,
knowing and ‘“interpreting the meanings of concéptalso encompasses as well students’
familiarity with the concept, ability to conceptlyalcomprehend its application in various
contexts, and ability to use it to communicate nmegrio others. Consequently, the extent of
students’ progress towards the achievement of dieg@nmeanings, their mathematical
competence, and literacy-in-mathematics outcometefised by the7-10 Mathematics Syllabus
Continuum (NSWBOS, 2002) was variously assessed. For examgledents’ overall
mathematics competence did not seem to improvenglthie project (small practical difference)
during the short term of the project. On the othand, vee and TYOS responses indicated
students’ mathematical competence and confidendedvand was dependent on the content
area. Through the completion of workshop tasksyas possible to identify particular topics,
concepts and methods that students had difficulties, which then signaled to the teacher the
need to scaffold and support student learning ay thttempted to successfully solve



appropriately designed follow-up tasks.
Students’ Problem Solving Skills

As well as getting confused with the innovativeittgies at the beginning of the project, students
resented the idea of having to think and reasom task descriptions. Instead, they preferred to
be explicitly informed of the particular method &pply, or alternatively, that the relevant
procedures were suggested in the task descriptiolther words, students expected to just
follow instructions and hints and “do” the problersually with some external prompting most
often from the teacher or guided by the textboak, bBpparently, without having to exert much
individual effort into “interpreting”, “thinking” ad “reasoning” from the task description. These
manifestations appeared to suggest that studemtsigns mathematics experiences had
collectively engendered the mathematical beliefpraictice that if they are not immediately able
to solve a problem, then normal reactions wouleitger: ‘ask the teacherbr “it is difficult ...

gay ... or stupitl Such entrenched beliefs required a number ofkslowps before students
appeared enculturated to the notion that with atdedeefforts and self-discipline, they can
progressively develop critical problem solving Ekilwhich, over time, can empower them to
systematically analyse a task description for thethematics required followed by making
explicit connections between their existing pateofi meanings and what needed to be done to
solve the problem, all of which required them tdivady engage with thinking, reasoning,

justification, and reflection.
Students’ Mathematical Reflections

Over time, findings from vee and TYOS responsegssigd a cognitive developmental trend in
the growth of students’ know-how about systemdticabproaching a problem supported by the
vee diagram’s guiding questions. Specifically, ttend ranged from learning nothing to include
progressively more positive reflections indicaticmnsolidation of existing knowledge; making
connections; new knowledge and developing skills communicating their mathematical
understanding more comprehensively and concepthelpnd simply recounting the procedures
used in problem solving. If the problem in leamis conceptualised amaking connections
betweenwhat is to be learneflvhat the learner needs to know) amigat one knows alreadthen
the evidence presented demonstrated the vee diagrdme a useful epistemological tool to
scaffold and facilitate students’ cognitive pro@ssef knowing, understanding, justification, and
reflection which necessarily formed part of solvingathematics problems, by having them
explicitty make connections between their prior Wiexige and their critical analysis of given
tasks. In particular, students critically analysagsk descriptions, then identified the most relévan



mathematical principles (e.g., general rules andigfinitions), given information and focus
questions that required answering. In so doinglesits subsequently constructed, or attempted to
construct, rigourous and coherent responses toeptually justify the generation of answers.
Inherent in this process was the need for studemtthink, reason, justify, and reflect, by
revisiting and reconsidering their existing knowged comprehending potential relevance and
subsequently making explicit connections to thegitask in order to identify the necessary prior
knowledge and associated methods of solution ondiegrams. Active engagement with these
dialectical processes over time empowered studenb®e more convinced of the suitability of
selected methods and the plausibility of their sohs particularly after substantively justifying
methods with relevant general rules and definitidhgdence (see Afamasaga-Fuata'’i, 2009) of
this change in students’ attitudes towards flexsdywing problems, best strategies for learning
and meaningful problem solving through understagélie main ideas underpinning methods and
procedures were quantitatively demonstrated byirtbeeasingly more positive estimates of the
respective items by the post-questionnaire andeguent positive shifts of item locations
towards the top-item cluster of the variable magd guoalitatively substantiated by students’
responses to the vee /TYOS prompts.

In the project, educating was an eventful prochss attempted to change the meaning of
some of these ED students’ mathematical experiemgastervention in their normal classroom
learning with meaningful materials (i.e., vee/TY@8estions/prompts), to develop, thinking,
feeling and acting as habitual dispositions in otdemake sense of workshop tasks through the
use of appropriate criteria of excellence (Gow®81, p. 37). The completion of vee diagrams as
well as the composition of reflective stories caigely required students to identify
mathematical principles and concepts underlyindy geioblem/activity, to demonstrate how these
principles and concepts supported their solutionista consider what they have learnt as a result
of the educative event. For most of the studergspite their negative experiences (both current
and past), they openly expressed a need to undératad learn more about mathematics either
because of future career aspirations or as ardoteél challenge. When their problem solving
experiences were positive, successful and intelddlgt satisfying, they wanted to learn more.
Unfortunately, this can quickly change when thewntswously encountered difficulties which
they felt were not satisfactorily addressed inrthgathematics classes.

As indicated by their vee/TYOS reflective responssadents were indeed learning some
mathematics in spite of their expressed negatiiteidds and oftentimes off-task behaviour. Also
some students may have become bored with completegdiagrams once or twice a week
during workshops. Even seemingly novel pedagogiggdroaches may become tedious when



employed repeatedly as Bragg (2007) also found whsimg games to introduce basic
mathematics concepts to primary students.

To counter students' boredom with the innovatioremvtit occurred during the project,
activities were presented in alternate weeks irfdh@ of investigation sheets using a traditional
sequencing of steps but with similar guiding quesiembedded within the tasks. In so doing,
the modified strategy still maintained consistendth the basic strategy of requiring students to
critically analyse, to reason from given task diggions to the main ideas, relevant general rules
and definitions and to synthesise all of thesediegate solutions. As well, pausing to reflect on
what they have completed was vital in order to fifignany relevant new knowledge or
understanding as a result of solving the tasks.o&tingly, educative tasks were deliberately
selected to generate cognitive disequilibrium (Piad972) with students’ existing conceptual
structures, requiring them to accommodate new quneké understandings and potentially

attaining cognitive equilibrium and new understaugdi
Entrenched Negative Mathematics Attitudes

The withdrawal of one school's Year 10 ED studeleimonstrated that, for these ED students,
attempting to reverse their negative attitudes tdeanathematics at Year 10 in a short-term
project may be too late. Instead, ED students shbelidentified much earlier. That the Year 7
students from the same school were equally disertetiavith mathematics was disconcerting
and a serious concern that would require redressiag before students enter secondary level.

KEY FINDINGS

This paper described a research project that weigrtkd to explore the capacity of vee diagrams
and reflective stories to develop students’ cowgeitstructures through thinking, reasoning,
justification, reflection and communication as tteympleted vee diagrams améll Your Own
Storyquestions/prompts.

Triangulation of findings from the tests, vee dags,Tell Your Own Storguestions/prompts
and researcher’'s anecdotal notes showed that studeand vee diagrams useful in (a)
scaffolding their thinking, reasoning, justificaticand reflection, (b) illustrating their percepitso
of interconnections between general rules, definitj main ideas, and their applications in the
generation of methods to solve problems, (c) syateing the problem solving process through
the identification and articulation of the relevaanceptual and methodological information on
the left and right sides of the vee, and (d) dgvielp and reinforcing a more expanded view of
doing mathematics that includes, in addition tovdhg a method of solution and answer, the

articulation of general rules and definitions astifications of selected methods and reflective



statements of what they had learnt as a consequérsmving problems and their perception of
the relevance of mathematics. Furthermore, the needomplete meta-cognitive prompts
encouraged students to reflect on, articulate amchtunicate the impact of solving problems on
their mathematical understanding and perceptioth@frelevance of mathematics. In addition to
the cognitive findings, reflective responses to aeel TYOS prompts demonstrated increased
awareness of the importance of flexibly solving jemns, how to learn mathematics more
meaningfully by routinely making connections betwe¢heir existing knowledge and
understanding of the main ideas and general ratesyeflecting upon their solutions.

Overall, vee diagrams and reflective prompts weseful in guiding the developments of
students’ critical analytical abilities to thinkeason, reflect, justify, and communicate
mathematically, which resulted in a more compretvernsnd conceptual view of problem solving
beyond simply executing a procedure and gettingaagwer and an increased trend in their
mathematics competence. Finally, the impact of qusiee diagramsand reflective storieson
students’ achievement of “numeracy and literacyamthematics” outcomes was primarily
positive resulting in the broadening of studentshaeptions of what it means to solve
mathematics problems more meaningfully by makinglieit connections to their existing
knowledge, articulating relevant general rules definitions, and meta-cognitively reflecting on
what they had learnt and perceptions of the relevar mathematics as a result of their educative
experiences.

These project findings contribute to knowledge analctice of successful strategies, which
can improve educationally disadvantaged studentghemacy and literacy-in-mathematics

outcomes in any Australian school.

IMPLICATIONS OF KEY FINDINGS

The usefulness of vee diagrams as an epistemoldgiglafor thinking, reasoning, justification
and reflection should be made more explicit to stig. Allowing students to communicate the
benefits of vee diagrams in problem solving coulahdstudents’ attention to the potential of vee
diagrams to systematically guide their thinking,asening, justification, reflection and
communication during and after problem solving.

Students appreciate and enjoy solving mathematasgms that provide them with a positive
learning experience and feeling of significancet ttheey have understood the new meaning;
therefore teachers should explicitly encourageesitgito think, reason, make connections to their
existing knowledge, reflect on their learning amnenunicate their new meanings during and
after problem solving experiences.



Teacher-led discussions which draw out the edutaltioalue of thinking, reasoning,
justification, and reflection would be useful inoproting a more comprehensive and conceptual
view of doing mathematics and hence more posititieides towards mathematics.

Teachers should be encouraged to support the useeafiagrams and reflective prompts in
the classroom to support students’ thinking, reespn justification, reflection and

communication of their mathematical learning.
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